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Exercise 1.3
Question 1:
Letf: {1, 3,4} — {1, 2,5} and g: {1, 2, 5} — {1, 3} be given by f = {(1, 2), (3,
5), (4, 1)} and g = {(1, 3), (2, 3), (5, 1)}. Write down gof.
€. Answer 1:
The functions f: {1, 3,4} — {1, 2,5} and g: {1, 2, 5} — {1, 3} are defined as
f={,2),(3,5), (4 1}and g ={(1,3), (2 3), (5, 1)}.

gof(1) =glf(1)] =g(2) =3 [as f(1) = 2 and g(2) = 3]
gof(3) = g[f(3)] = 9(5) = 1 [as f(3) =5 and g(5) = 1]
gof(4) = g[f(4)] = g(1) =3 [as f(4) = 1and g(1) = 3]

~gof = {(1, 3), (3, 1), (4, 3)}

Question 2:

Let f, g and h be functions from R to R. Show that
(f + g)oh = foh + goh
(f.g)oh = (foh).(goh)

€. Answer 2:

To prove: (f + g)oh = foh + goh

LHS = [(f + g)oh](x)

= (f+ g)[h(¥)]

=f[h()] + g[h(x)]

= (foh)(x) + (goh)(x)

= {(foh)(x) + (goh)}(x) = RHS

=~ {(f + g)oh}(x) = {(foh)(x) + (goh)}(x) forall x eR

Hence, (f + g)oh = foh + goh
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To Prove: (f.g)oh = (foh).(goh)
LHS = [(f.g)oh](x)

= (f.9)[h(x)]

=f[h(¥)] . g[h(x)]

= (foh)(x) . (goh)(x)

= {(foh).(goh)}(x) = RHS

~[(f.g)oh](x) = {(foh).(goh)}(x) for all x ER

Hence, (f.g)oh = (foh).(goh)

Question 3:
Find gof and fog, if

(i) f(x) = |x| and g(x) = |5x — 2|
(i) f(x) = 8x3 and g(x) = x3

g, Answer 3:

(). f(x) = [x| and g(x) = [5x-2]
~gof(x) = g(f()) = g(IxD) = [51x]-2]
fog(x) = f(g(x)) = f(I5x-2]) = |[5x-2|| = |5x-2]

(ii). f(x) = 8x® and g(x) = x
~gof(x) = g(F()) = g(8x%) = (8x%)s = 2x
fog(x) = f(g()) = f(x5) = 8(x3)? = Bx
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Question 4:
If f(x) = ngi;x +* % show that fof(x) = x, for all x # % What is the inverse of
f?
g. Answer 4:
.. _ (4x+3) 2
It is given that f(x) = o' X * 2
4x + 3
(oG = f(fG)) = ( 6x-4 )‘ s(BK3)
6x-4

_ 16x+12+18x-12  34x
" 24x +18-24x+ 16 34

=X

+fof(x) = x, for all x # 2

= fof =1,

Hence, the given function f is invertible and the inverse of f is f itself.

Question 5:

State with reason whether following functions have inverse

iy f:{1,2,3,4} — {10} with
f={(1, 10), (2, 10), (3, 10), (4, 10)}

(i) 0:{5,6,7,8}— {1, 2, 3,4} with
9={(5,4).(6,3),(7,4),(8 2)}

(i)  h:{2,3,4,5} > {7,9, 11, 13} with
h={(2,7),(3,9), (4,11), (5, 13)}
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€. Answer 5:
(i) f: {1, 2, 3, 4} — {10} defined as f={(1, 10), (2, 10), (3, 10), (4, 10)}
From the given definition of f, we can see that f is a many one function as
f(1) =f(2) =f(3) =f(4) = 10
~fis not one — one.
Hence, function f does not have an inverse.
(i) g: {5,6,7,8} — {1, 2, 3, 4} defined as
9={(5,4).(6,3),(7,4), (8 2)}
From the given definition of g, it is seen that g is a many one function as
9(3) = 9(7) = 4.
=~ g IS not one — one.
Hence, function g does not have an inverse.

(i) h: {2, 3, 4,5} — {7, 9, 11, 13} defined as
h={(2,7),(3,9), (4,11), (5, 13)}

It is seen that all distinct elements of the set {2, 3, 4, 5} have distinct images under
h.

=~ Function h is one — one.

Also, h is onto since for every element y of the set {7, 9, 11, 13}, there exists an
element x in the set {2, 3, 4, 5}, such that h(x) = .

Thus, h is a one — one and onto function.

Hence, h has an inverse.

Question 6:

Show that f: [-1, 1] — R, given byf(x) = (xxTz) is one — one. Find the inverse of

the function f: [-1, 1] — Range f.
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sl _ X - . — 2y
(Hint: Fory e Range f,y = f(x) = et for some xin [-1, 1], i.e., x == )
£ Answer 6:
f:[-1,1] — Ris given as f(x) = (sz)
For one — one
Let f(x) = f(y)

X Y

x+2 y+2

=Xy +2X = Xy +2y

=2X = 2y

=>X =Y

=~ fis a one — one function.

It is clear that f: [-1, 1] — Range f is onto.

~ f: [-1, 1] — Range f is one — one and onto and therefore, the inverse of the
function f: [-1, 1] — Range f exists.

Let g: Range f — [—1, 1] be the inverse of f.

Let y be an arbitrary element of range f.

Since f: [-1, 1] — Range f is onto, we have
y = f(x) for some x € [-1, 1]

=y = ——

Y = iz
=Xy + 2y =X
= x(1-y) = 2y

2y

>x=—, y#*1
1-y

Now, let us define g: Range f — [—1, 1] as
2

gy =1, y#*1

Now,
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X Z(HLZ) 2X 2X
(80D () = 8(f00) = (;55) =/ = =T«

X+ 2 ( ) X+2-x 2
X+ 2
and
2y
2y 1- 2y 2y
f =f = f( ) = LA
-y

Question 7:

Consider f: R — R given by f(x) = 4x + 3. Show that f is invertible. Find the
inverse of f.

€. Answer 7:

f: R — Risgiven by, f(x) =4x + 3
For one — one

Let f(x) = f(y)

=>4Xx+3=4y+3

= 4x = 4y

=>X=Yy

-~ fis a one — one function.

For onto

ForyeR, lety =4x + 3.

-3
=>x=yTER

Therefore, for any y € R, there exists x = % € R, such that
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-3 -3

f(x) = f(yT> = 4(y—> +3=y.

~ fis onto.

Thus, fis one —one and onto and therefore, f 1 exists.

Let us defineg: R - R by g(x) = ’;—3

Now,
(209 = g(f(0) = gldx + ) = Tt 2K,
and
(fog) () = f(g(y)) = f(?) =4 (?) +3=y3+3=y
= gof = fog = Iy

Hence, f is invertible and the inverse of f is given by f1(y) = g(y) = 3%3.

Question 8:

Consider f: R, — [4, ) given by f(x) = x? + 4. Show that f is invertible with the

inverse f~1 of given f byf~1(y) =./y — 4, where R, is the set of all non-
negative real numbers.

€. Answer 8:

f: R, — [4, ) is given as f(X) = x* + 4.

For one — one

Let f(x) = f(y)

=>x*+4=y*+4

= x?% = y?

>X=Yy [asx =y € R,]
=~ fis a one — one function.

For onto
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Fory € [4, ), lety = x* + 4

>x2=y—-42>0 [as y = 4]

=X = \/ﬁ =0

Therefore, for any y € [4, o), there exists x = ,/y-4 € R, such that
(00 = f(yy4) = (Jy4) +4=y4+4=y

~ f is onto.

Thus, f is one — one and onto and therefore, f 1 exists.

Let us define g: [4, 0) — R, by g(y) = \/y-4
Now,

(20D(x) = g(f(x)) = g(x? + 4) = /(x2 + 4)-4 = /x? =

and
2
(fog)(y) = f(g(y)) = f(Vy-4) = (Jy4) +4=y4+4=y
=~ gof =fog = Iy
Hence, f is invertible and the inverse of f is given byf1(y) = g(y) = \/m

Question 9:

Consider f: R, — [-5, o) given by f(X) = 9x? + 6x — 5. Show that f is invertible
with f~1(y) = (—(Vy+36)‘1>

€. Answer 9:

f: R, — [5, ) is given as f(X) = 9x? + 6x — 5.

Let y be an arbitrary element of [—5, o).

Lety=9x>+6x—5

=>y=(3x+1)%-1-5= 3x+ 1)2-6

=>y+6=03x+1)>

=>3x+1=\/m [asy = —-5=y + 6 > 0]
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_ (Jy+e)1

> X =
3

= f is onto, thereby range f =[5, «).

Let us define g: [-5, 0) > R, asg(y) = (yyte y?)-l

Now,
(goN(x) = g(f(x)) = g(9x* + 6x-5) = g((3x + 1)%-6)

=/ (3x+1)2-6 + 6-1

_3x+1-1_3x_
- 3 ~3° 7

and

2
6-1 6-1
to9)) = 1(g) = 15 ) = 3 (B 5) 1] s
= (/yT6)-6=y+66=y

~gof =x =Igand fog =y = Ipanger
Hence, f is invertible and the inverse of f is given by

(FEE)-1)
3

) =9W») =<

Question 10:
Let f: X — Y be an invertible function. Show that f has unique inverse. (Hint:

suppose g, and g, are two inverses of f. Then for ally € Y, fog,(y) =1, (y) =

fog,(y). Use one — one ness of f).

9

www.tiwariacademy.com
A Free web support in Education


http://www.tiwariacademy.com/
http://www.tiwariacademy.com/
http://www.tiwariacademy.com/
http://www.tiwariacademy.com/
http://www.tiwariacademy.com/
http://www.tiwariacademy.com/
http://www.tiwariacademy.com/
http://www.tiwariacademy.com/
http://www.tiwariacademy.com/
http://www.tiwariacademy.com/
http://www.tiwariacademy.com/
http://www.tiwariacademy.com/
http://www.tiwariacademy.com/
http://www.tiwariacademy.com/
http://www.tiwariacademy.com/
http://www.tiwariacademy.com/
http://www.tiwariacademy.com/
http://www.tiwariacademy.com/
http://www.tiwariacademy.com/

itics

(www.tiwariacademy.com)

‘Relations a
(Class - XII)

£ Answer 10:

Let f: X — Y be an invertible function.
Also, suppose f has two inverses (sayg, and g,)

Then, for all y €Y, we have

fog, (y) = Iy(y) = foga(y)

= f(g1(Y)) = f(gz (Y))

=g,(y) = g,(y) [as f is invertible = f is one — one]
=01 =03 [as g is one — one]

Hence, f has a unigue inverse.

Question 11:
Consider f: {1, 2, 3} — {a, b, c} given by f(1) = a, f(2) =b and f(3) = c. Find f 1
and show that (f 1)1 =f.

€. Answer 11:
Functionf: {1, 2,3} — {a, b, c}isgiven by f(1) = a, f(2) =b,and f(3) = ¢
If we define g: {a, b, c} — {1, 2,3}asg(a) =1, g(b) =2, g(c) =3.

We have
(fog)(a) = f(g(a)) = f(1) = a

(fog)(b) = f(g(b)) = f(2) = b
(fog)(c) = f(g(c)) =f(3) = ¢

and

(goH(1) = g(f(1)) = f(a) = 1
(g0D(2) = g(f(2)) = f(b) = 2
(goH(3) = g(f(3)) = f(c) = 3
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=~ gof = Ix and fog = Iy, where X = {1, 2, 3} and Y= {a, b, c}.
Thus, the inverse of f exists and f 1 = g.
~f1fa,b,c}—{1,2 3}isgivenbyf@a)=1,f (b)=2, f* (c)=3

Let us now find the inverse of f " i.e., find the inverse of g.

If we define h: {1, 2,3} —» {a,b,c}ash(l)=a,h(2)=b,h(3) =c

We have
(goh)(1) = g(h(1)) = g(a) =1
(goh)(2) = g(h(2)) = g(b) =2
(goh)(3) = g(h(3)) = g(c) =3
and

(hog)(a) =h(g(@)) =h(1) =a
(hog) (b) = h(g(h)) =h(2) = b
(hog)(c) =h(g(c)) =h(3) =c
~ goh = Iy and hog = Iy, where X ={1, 2,3} and Y = {a, b, c}.
Thus, the inverse of gexistsand gt =h = (f 1)1 =h.

It can be noted that h =f.
Hence, (f 1)1 =f.

Question 12:

Let f: X — Y be an invertible function. Show that the inverse of f 1 is f,
e, (fHt=A
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€. Answer 12:
Let f: X — Y be an invertible function.
Then, there exists a function g: Y — X such that gof = Ix and fog = .

Here, f 1=g.
Now, gof = Ix and fog = Iy
= flof = Iy and fof 1=y

Hence, f 11 Y — Xis invertible and f is the inverse of f ti.e., (f 1)1 =f.

Question 13:
Iff: R — Rbegivenby f(x) = (3 - x3)%, then fof(x) is
(A) = (B)X° (C) X (D) 3 %)

£ Answer 13:

f: R — R be given as f(x) = (3-x3)§

1

~ fof(x) = f(f(x)) = f((3-X3)§) = [3- ((3-)(3)%)3]3

W=

- 3-GxOF = () =x

=~ fof(x) = x

The correct answer is C.
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Question 14: Let f: R- {%} — R be a function as f(x) = %. The inverse of f is

map g: Range f — R- {%} given by

A W) = 5 (B) W) = 15
©) &) =135 (D) s®) = 15

g, Answer 14:

4x
3x+4

Itis giventhat f: R — {— g} — R be afunctionas f(x) =
Let y be an arbitrary element of Range f.

Then, there exists x € R- {g} such that y = f(x)

4x
= =
Y T 3x+4
= 3xy + 4y = 4x
= x(4-3y) = 4y
4

> X = =

4-3y
Let us define g: Range f — R- {%} as g(y) = :_:y

Now,

4x 4(_4x )

90f () = g(f () = 9 (55 ) = —2
4-3 (3x ¥ 4)
B 16x B 16x

C 12x+16—12x 16

= X
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and

4y 4(3 iy3 )
fog = f(g(») = f<4 ) - y

— 3y -

16y _ley
12y +16-12y _ 16 7

-~ gof = IR-{-i} and fog = IRange f

3

Thus, g is the inverse of fi.e., f 1=g.

Hence, the inverse of f is the map g: Range f — R- { %} which is given by g(y) =
Ay
4-3y’

The correct answer is B.
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