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(Chapter 11)(Three Dimensional Geometry)
XII

Exercise 11.2
Question 1:

Show that the three lines with direction cosines
12 -3 -4 4 12 3 3 -4 12

13713713713713°137 13713713 are mutually perpendicular.
Answer

Two lines with direction cosines, |1, mi1, n; and |z, mz, ny, are perpendicular to each
other, if I1l; + mimz + nin, =0

. he Ii th directi . 12 -3 -4 dig3
(i) For the lines with direction cosmes,l—3—,—l§.ﬁ an 13°13°13
12 4 (=3 12 (-4 3
Wy +mm, +nn, = —x—+| — x—+[— X —
} - 13 13 13) 13 13/ 13
_ 48 36 12
169 169 169
=0
Therefore, the lines are perpendicular.
ii) For the li ith directi i T d ijg
(ii) For the lines wi irection cosmes,l3.|3.l3an 13131
4 3 12 (-4 3 12
Lh+mm, +nn, =—x—+—x| — |+ —=x—
. 13 13 13 13 13 13
_712 _748 +.36
169 169 169
=0
Therefore, the lines are perpendicular.
3 -4 12 12 -3 -4
(iii) For the lines with direction cosines, 1313 13and 131313 , we obtain
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3N (12} (=) (=3) (12 74
/|/ﬂ+m.m,+rl.n‘=(> "X["‘ J"’l = ”‘ ’+[ - Jy[ J
2 e R L N R E T N R R KT A BT
36 1248
169 169 169

-0

Therefore, the lines are perpendicular.

Thus, all the lines are mutually perpendicular.

Question 2:

Show that the line through the points (1, —1, 2) (3, 4, —2) is perpendicular to the line
through the points (0, 3, 2) and (3, 5, 6).

Answer

Let AB be the line joining the points, (1, —1, 2) and (3, 4, — 2), and CD be the line
joining the points, (0, 3, 2) and (3, 5, 6).

The direction ratios, a1, b1, c;, of ABare (3 -1), (4 - (—-1)),and (-2 - 2) i.e., 2, 5,
and —4.

The direction ratios, az, bz, ¢z, of CD are (3 — 0), (5 — 3), and (6 —-2) i.e., 3, 2, and
4. AB and CD will be perpendicular to each other, if a;a; + bibx+ cic; = 0 a1az +
bibo+cic;=2x3+5%x2+(—4)%x4

=6+ 10 - 16

=0

Therefore, AB and CD are perpendicular to each other.

Question 3:

Show that the line through the points (4, 7, 8) (2, 3, 4) is parallel to the line through
the points (-1, -2, 1), (1, 2, 5).

Answer

Let AB be the line through the points, (4, 7, 8) and (2, 3, 4), and CD be the line
through the points, (-1, =2, 1) and (1, 2, 5).

The directions ratios, ai, by, c1, of ABare (2 - 4),(3 -7),and (4 — 8) i.e., =2, —4, and
-4,
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The direction ratios, az, bz, c;, of CD are (1 — (-1)), (2 — (-2)),and (5 - 1) i.e., 2, 4,
and 4.

a _b_¢

AB will be parallel to CD, if a b o

L
a 2
L W <
b, 4
L . S|
c, 4

a b ¢

a, b, ¢

Thus, AB is parallel to CD.

Question 4:
Find the equation of the line which passes through the point (1, 2, 3) and is parallel to

the vector3i +2/ -2k .

Answer
It is given that the line passes through the point A (1, 2, 3). Therefore, the position

vector through A is a=i+2j+3k

b= 3f+2_}'—2/\:

It is known that the line which passes through point A and parallel to is given by

F=da+Ab, where A .
is a constant.

:>F=f+2]+3/€+/i(3f+2]—2/2)

This is the required equation of the line.

Question 5:
Find the equation of the line in vector and in Cartesian form that passes through the
P—j+ak i+2j-k

point with position vector < and is in the direction
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Answer
It is given that the line passes through the point with position vector
G=2i—j+4k (1)

b=i+2j—k -(2)
It is known that a line through a point with position vector and parallel to is given
by

F=ad+Ab

the equation,
= F=2i-j+ak+2(i+2]-k)
This is the required equation of the line in vector form.
F=xi —_\j}' +zk
= xi —yj +zk =(A+2)i+(24=1)j+(-4 +4)/€
Eliminating A, we obtain the Cartesian form equation as
x=2,. y+l_-z~4

I 2 -1

This is the required equation of the given line in Cartesian form.

Question 6:

Find the Cartesian equation of the line which passes through the point
x+3 y-4 z+8

(=2, 4, —5) and parallel to the line given by 3 5 6
Answer
It is given that the line passes through the point (-2, 4, —5) and is parallel to
x+3 y-4 =z+48
35 6

The direction ratios of the line  X*3 _ V-4 _2z+8 563 5 and6.

The required line is parallel to X*+3 _y—4 _z+8
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Therefore, its direction ratios are 3k, 5k, and 6k, where k # 0

It is known that the equation of the line through the point (xi1, y1, z1) and with direction

X=X, _ Y-y _z-3

ratios, a, b, ¢, is given by ¢ b ¢
Therefore the equation of the required line is

x+2 y-4 z+5

3k Sk 6k
x+2 v—4 z+5

- 3 - 5 B 6 =t
Question 7:
x=5 y+4. z—6
The Cartesian equation of a line is 3 7 2 . Write its vector form.
Answer

The Cartesian equation of the line is
x=5 y+4 z-6
T2 setl)
3 7 2
The given line passes through the point (5, —4, 6). The position vector of this point is

i=5i—4]+6k

Also, the direction ratios of the given line are 3, 7, and 2.

This means that the line is in the direction of vector, b=3i+7j+2k

It is known that the line through position vector and in the direction of the vector is
given by the equation, 7= d+Ab,AeR

=7 :(5f—4]+6/§)+/i(:3f+7_}‘+2A7)

This is the required equation of the given line in vector form.

Question 8:

Find the vector and the Cartesian equations of the lines that pass through the origin
and (5, -2, 3).

Answer

The required line passes through the origin. Therefore, its position vector is given by,

>[5 |<
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a=0 (1)
The direction ratios of the line through origin and (5, —2, 3) are
(5-0)=5,(-2-0)=-2,(3-0)=3

g 75 y
The line is parallel to the vector given by the equation, ? =3 —2/+ 3k
The equation of the line in vector form through a point with position vector and
parallel

_ F=a+Ab, AeR
to s,

1]
e ]|

= F +A(5i-2,}+3/€)
=

z(si—z_}+312)

The equation of the line through the point (xi1, y1, z1) and direction ratios a, b, c is given
X=Xi Y=Y Z=Z

by, b ¢

Therefore, the equation of the required line in the Cartesian form is

x=0 p=0 r2=0

5 -2 3
y z
—_— = = —
5 -2 3
Question 9:

Find the vector and the Cartesian equations of the line that passes through the points
(3, =2, =5), (3, =2, 6).

Answer

Let the line passing through the points, P (3, —2, —=5) and Q (3, —2, 6), be PQ.

Since PQ passes through P (3, —2, —5), its position vector is given by,

a=3i-2j-5k

The direction ratios of PQ are given by,

(3-3)=0,(-2+2)=0,(6+5)=11

The equation of the vector in the direction of PQ is

b=0i-0j+11k=11k
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The equation of PQ in vector form is given by,

:>f=(3f—2j'—5/£)+11,1/€

F=d+Ab, AcR

The equation of PQ in Cartesian form is

X=X _YV-y _z-%

a b C

Question 10:

Find the angle between the following pairs of lines:

(i) F=2i—5]+/€+/z(3i-2_}'+6/€)and Z=7i—6/€+/z(i+2]+2/£)

(i) r=3i+]j-2k+A(i-j-2k)ana 7= 2f—j‘—56l§+;1(31’—5}—4l§)

Answer

(i) Let Q be the angle between the given lines.

=
p= ]

B

H
= A

The given lines are parallel to the vectors, , b =3i +2]‘+6I€ and b, = i+ 2.;+2k

The angle between the given pairs of lines is cosQ = ‘
given by,

bl

=~

respectively.
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wJb|=vF 427467 =7
= (1) +(2)'+(2)" =3
b, = (31 +2]+6k)-(i +2] +2k)
=3x1+2x2+6x2
=3+4+12
=19
19
= cosQ =
cosQ =
19
= Co
il [21]
b=i-j-2k

(ii) The given lines are parallel to the vectors,

respectively.
|h|_\/(l ) +(=1) +(-2) =6
= J(3) +(=5) +(~4)’ =50 =512

b,-l;::(f—j—?k)(h—w/ 4k)

b,

16 16 16
V652 V2.43.502 1043
8

e
oru 3]

—cosQ=

= cosQ=
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Question 11:
Find the angle between the following pairs of lines:
x=2. yp=1 z43

. el d
M 2 5 3™ 378 3

¥ _Y_Z.d x=3 y=2. -2=3
(i) 2 21 4 | 8

Answer

i Let and be the vectors parallel to the pair of lines,
x=2. y=1 243

= and
2 5 -3 -1 8 4

x+2 y—4 2=

b, =2:+5_;'—-3/\: and 53:—f+8./"+4lg

b= \(2) +(5) +(-3) =38

S
]

b, 2f+5]’—3/€)-(—f+8]‘+4/§)
=2(=1)+5x8+(=3)-4
==2+40-12

=26

The angle, Q, between the given pair of lines is given by the relation,

cosQ = W—‘
= cosQ:()—z—i—8
= Q—ws"[g‘)is)
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(ii) Let by b, be the vectors parallel to the given pair of lines,
X _ V _ Z
x=3_¥y=3_z=3 ¢ 2 2 1 respectively
4 I 8
b=2i+2j+k
b,=4i+ j+8k

i”; =&+ +8 =81 =9
l;,~b,=(2:+2]‘+I\:)-(4f+_}'+8l‘:)
=2x4+2x1+1x8
=8+2+8
=18 iy
If Q is the angle between the given pair of lines, then  cosQ ===
cosg 18 2 A
T 3x9 3

g (2
= () =cos [5]

Question 12:
l-x 7y-14 z-3 1=Tx._p=35:. 6=z
Find the values of p so the line - Zp 2 and 3P ' 5 areat
right angles.
Answer
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The given equations can be written in the standard form as

X~ 1 p=2 z-=3 .\:'—l__\‘—S z-6

-3 .2[) o and 3p 1 =S
) 7 -3p

7

The direction ratios of the lines are —3, ,2and 7 respectively.

Two lines with direction ratios, ai1, b1, ¢1 and az, bz, ¢z, are perpendicular to each other,
ifaija + bib, +cico =0

.'.(—3)-[_3‘“]+(ﬂ]-(l)+2-(—5)=0

7 7 )
:>9—"+Q=IO
7 7
=1lp=70
el
I

=p

Thus, the value of p is

Question 13:

Show that the lines

Answer

\' ‘
|
A

The equations of the given lines are
The direction ratios of the given lines are 7, =5, 1 and 1, 2, 3 respectively.

Two lines with direction ratios, ai, b1, ¢1 and az, ba, ¢z, are perpendicular to each other,
if aia2 + b1 b + cico =0

27 %x14+(-5)x2+1x3

=7-10+3

=0

www.tiwariacademy.com
Free web support in Education



http://www.tiwariacademy.com/
http://www.tiwariacademy.com/

Mathematics

wWww.tiwariacademy.com)

(Chapter 11)(Three Dimensional Geometry)
XII

Therefore, the given lines are perpendicular to each other.

Question 14:

Find the shortest distance between the lines
,1=(i+2j‘+12)+;.(i-_}'+/€')and

r=2i- k+;1("1+j+"k)

Answer

The equations of the given lines are

r= f+2]'+lf)+/1(f—-_}'+l\:)

;=2f—_}'—/;+/1(2f+]+2/€)

=a, + /lb and z_5
It is known that the shortest distance between the lines, -‘
given by,
bixb)-(a: - a)|
4ot ) )
‘ b xb)| ’

Comparing the given equations, we obtain

|
—
N = Ty

bxb, =(-2-1)i —(2-2) j+(1+2)k=-3i +3k

= b xb,|=\(-3) +(3)" =\9+9 =18 =312

Substituting all the values in equation (1), we obtain
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3 3x2 32

Dd:—z—z_

V2 ax2 2
32

Therefore, the shortest distance between the two lines is 2 units.

Question 15:
Find the shortest distance between the lines

x+1 =y+l =:+l and .\'—-3=_v—5=:—7
7 -6 | 1 = I

Answer
The given lines are

.\'+]=y+l=z+l and .\'—3=y—5::—7

7 -6 | 1 s 1

It is known that the shortest distance between the two lines,
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X=Xy Y=Y Z=2 Xy P=You sZ=Zs
= = : == == = , is given by,
a, b, ¢ d, b, 2

i b, 4
d=— R (1)
\/( be, —bc,) +(ca,—c.a) +(ab, —a.b)

Comparing the given equations, we obtain
x==L yy=-1z=-1

a, =7, b=-6 ¢ =1

X,=3, ¥,=5, z,=7
a,=1, b,=-2 ¢, =1
X=X V.= Z.—&| 4 6 8
Then,| aq, b, G |=7 -6 I
a, b, & I -2 I
=4(-6+2)-6(7-1)+8(-14+6)
=-16-36-64
=-116

-

= J(Bies —b:c, ) + (s - e, +(aby — b))’ = (-6+2) +(1+7) +(-14+6)
=\16+36+64

2428

o)

3]

Substituting all the values in equation (1), we obtain
-116 =58 -2x29 _ 7\/"6

{ = = = = =2
T30 Y9 V29

Since distance is always non-negative, the distance between the given lines is 2V29

units.
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Question 16:

Find the shortest distance between the lines whose vector equations are
r=(i+2]43k)+ (7 -3 +2k)
and r =4f+5)‘+6l€+,u{2f+3_}'+/€)

Answer

l:=f+2.}'+3l;+/’.(f—3]+2/€) and = 4f+5]’+6l£+;1(2f+3}'+l€)

It is known that the shortest distance between the lines, 7 =g, +,{l§land r=a,+ ub,
The given lines are

given by,
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(5, xB,)-(az ~a )

i)

(/=‘

(1)
|

Comparing the given equations with 7 =g, +2l§1and F=a, + ub,

a,=i+2j+3k

i J k
b xb, =1 -3 2/=(-3-6)i—(1-4)j+(3+6)k =-9i +3]+9%
2 3 1

= b xB,|=(-9) +(3)' +(9)° = VB1+9+81 =171 =3J19

(b, )-(a—an) = (97 +3j+9k)-(3i +3] +3k)
=-9x3+3x3+9x3
=9

Substituting all the values in equation (1), we obtain

3
Therefore, the shortest distance between the two given lines is \/|_9 units.

Question 17:

Find the shortest distance between the lines whose vector equations are
,7=(l—r)f+(1—2)]‘+(3—21)l\tand
r=(s+1)i+(2s-1)j - (25 +1)k

Answer
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The given lines are
r=(1-t)i +(t=2)j+(3-2)k

:>f-=(f—2j‘+3/€)+1(—-1’+]‘—2IE) (1)

1:=(.s'+l)l:+(2.\'—l)_1~'—(2‘s‘+l)/;

=r=(i-j+k)+s(i+2]-2k) -(2)

. _ _ F=a,+Ab,  F=a,+ ub,
It is known that the shortest distance between the lines, and -
given by,

/—; X/;, L ;l —t—l: {
d= (b ) (. ) «(3)
b, x5, ‘

For the given equations,
a=i-2j+3k

bi=—i+]-2k
ar=i-j—k

7): =l:+2_;—2/2
a—ay =('f—j—/?)—(i—zj+3/€)=j—4/€

1

|
b xb,=|-1 =(-2+4)i—(2+2)j+(-2-1)k=2i -4j -3k

oo N

-2
-2

I

3

=[5, = J(2) +(~4)" +(=3) =VA+16+9 = V29
o (bixb,)-(az—an )= (2 - 4] -3k)-( - 4k) =—4+12=8

Substituting all the values in equation (3), we obtain
8

8
Therefore, the shortest distance between the lines is v29 units.
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