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(Chapter 11)(Three Dimensional Geometry)

XII
Exercise 11.3

Question 1:
In each of the following cases, determine the direction cosines of the normal to the

plane and the distance from the origin.

(@z=2(b) x+y+z=1

(€) 2x+3y—z=5(d)5y +8=0

Answer

(a) The equation of the planeisz =2 or Ox + 0y + z = 2 ... (1) The direction ratios of

normal are 0, 0, and 1.

- NOP+0P +1P =1
Dividing both sides of equation (1) by 1, we obtain
0x+0.y+1z=2

This is of the form Ix + my + nz = d, where I, m, n are the direction cosines of normal
to the plane and d is the distance of the perpendicular drawn from the origin.
Therefore, the direction cosines are 0, 0, and 1 and the distance of the plane from the
origin is 2 units.

by x+y+z=1..(1)

The direction ratios of normal are 1, 1, and 1.

1) +(1) +(1) =3
Dividing both sides of equation (1) by , we obtain

_I_.".*,..l_".}.L-—.'_ ("’)
\/:—"-, v}g. \/g_ \/:—;- . L7

This equation is of the form Ix + my + nz = d, where |, m, n are the direction cosines of

normal to the plane and d is the distance of normal from the origin.

Therefore, the direction cosines of the normal are and the distance of

-

]
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3

1
normal from the origin is ? units.
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(c) 2x+3y—z=5..(1)

The direction ratios of normal are 2, 3, and —1.
@Y +G) +(-1) =Vi4
Dividing both sides of equation (1) by , we obtain

2 3 1 5
X+ = z=
N T RN TSN RN

This equation is of the form Ix + my + nz = d, where |, m, n are the direction cosines of

normal to the plane and d is the distance of normal from the origin.

2 3 -1
Therefore, the direction cosines of the normal to the plane are \/ﬁ \/ﬁ » and \/ﬁ and

the distance of normal from the origin is —\[5= units.
5y+8=0 -
=20x—-5y+0z=8........ . (1)

The direction ratios of normal are 0, —5, and 0.

2 J0+(=5) +0=5

Dividing both sides of equation (1) by 5, we obtain
—_) = -
5
This equation is of the form Ix + my + nz = d, where |, m, n are the direction cosines of

normal to the plane and d is the distance of normal from the origin.

Therefore, the direction cosines of the normal to the plane are 0, —1, and 0 and the

distance of normal from the origin is  units.

Question 2:

Find the vector equation of a plane which is at a distance of 7 units from the origin and

normal to the vector3j + 5 — 6k .
Answer

=T —
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— b

www.tiwariacademy.com

Free web support in Education




Mathematics

wWww.tiwariacademy.com,

(Chapter 11)(Three Dimensional Geometry)
XII

The normal vector is, ji =3/ +57—6k
7 3i45/-6k  3i+5]-6k

R JGy+()y+(6) V70

It is known that the equation of the plane with position vector is given by, Fon=d

This is the vector equation of the required plane.

Question 3:

Find the Cartesian equation of the following planes:

@ F(i+j-k)=2 Fe(20+3]-4k)=1

(c) i:'[(s-ZI)i+(3—t).7+(3-"+’)£]=15

Answer

(a) Itis given that equation of the plane is
2+ j- k) =2 .. (1)
For any arbitrary point P (X, y, z) on the plane, position vector #is given by,
7 = xi+ yj+ zk ~
Substituting the value of # in equation (1), we obtain
(xi+ yj+ zk)(i+ j— k) =2
>x+y—z=2
This is the Cartesian equation of the plane.

(b) #.(2i+ 3j— 4k) =1 . (1)

For any arbitrary point P (X, y, z) on the plane, position vector #is given by,
7 = xi+ yj+ zk

Substituting the value of # in equation (1), we obtain

(xt+ yj+ zk)(2i+ 3j— 4k) =1

=>2x+3y—4z=2

This is the Cartesian equation of the plane.

(c) A[(s—20i+ B-t)j+ s+ k] =15 . (1)
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For any arbitrary point P (X, y, z) on the plane, position vector #is given by,
7 = xi+ yj+ zk

Substituting the value of # in equation (1), we obtain

(xi+ yj+ zk)[(s —2t)i+ 3 —t)j+ (2s+t)k] =15

=>G-20x+B-t)y+(2s+t)z=15

This is the Cartesian equation of the plane.

Question 4:
In the following cases, find the coordinates of the foot of the perpendicular drawn from

the origin.

(@) 2x+3y+4z—-12=0(P) 3y+4z-6=0

(c) x+y+z=1(d) 5p+8=0

Answer

(a) Let the coordinates of the foot of perpendicular P from the origin to the plane be

(X1, Y1, 21).

2X+3y+4z-12=0

52X+ 3y +4z2 =12 i, (1)

The direction ratios of normal are 2, 3, and 4.

N2 +(3) +(4) =V29

Dividing both sides of equation (1) by J2_9 , we obtain
12

2 3 4
X+ y+ z=
V297 V297 V297 V29

This equation is of the form Ix + my + nz = d, where I, m, n are the direction cosines of

normal to the plane and d is the distance of normal from the origin.
The coordinates of the foot of the perpendicular are given by (Ild, md, nd). Therefore,
the coordinates of the foot of the perpendicular are

(2 12 3 12 4 12 ). (24 36 48)

ST ﬂﬁ) e

(b) Let the coordinates of the foot of perpendicular P from the origin to the plane be

(X1, Y1, Z1).
Jy+4z-6=0

=T —

- 21 ™
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2 0x+3y+42=6 (1)

The direction ratios of the normal are 0, 3, and 4.
TR

SAN0+3 +4° =5

Dividing both sides of equation (1) by 5, we obtain

().\'-kiv+i:=9
378 5

This equation is of the form Ix + my + nz = d, where |, m, n are the direction cosines of
normal to the plane and d is the distance of normal from the origin.

The coordinates of the foot of the perpendicular are given by

(Id, md, nd).

Therefore, the coordinates of the foot of the perpendicular are

24\
(o‘ . .6 L 6) [0 '—q. '4J.
5REE 25725

(c) Let the coordinates of the foot of perpendicular P from the origin to the plane be

| )

(X1, Y1, 21).
x+y+z=1..(1)
The direction ratios of the normal are 1, 1, and 1.

AR+ +12 =43

Dividing both sides of equation (1) by , we obtain
1

] 1
,_ V4+——=z=—F
B f B
This equat|on is of the form Ix + my + nz = d, where |, m, n are the direction cosines of
normal to the plane and d is the distance of normal from the origin.
The coordinates of the foot of the perpendicular are given by (Id, md, nd). Therefore,

the coordinates of the foot of the perpendicular are

|fl 1 1 1 1 l‘ie [l 1 l]
BB BRBEINTTI

(d) Let the coordinates of the foot of perpendicular P from the origin to the plane be

(X1, Y1, 21).
Sy+8=0
S0X =5y +0z2=8 .o, (1)

21
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The direction ratios of the normal are 0, -5, and 0.
2 J0+(=5) +0=5
Dividing both sides of equation (1) by 5, we obtain

*l':_:

d

This equation is of the form Ix + my + nz = d, where |, m, n are the direction cosines of
normal to the plane and d is the distance of normal from the origin.

The coordinates of the foot of the perpendicular are given by
(Id, md, nd).

Therefore, the coordinates of the foot of the perpendicular are

( g \
o, »-1(5},0 ie. [0.-2,0).
\ ) \ S /

Question 5:

Find the vector and Cartesian equation of the planes

(a) that passes through the point (1, 0, —2) and the normal to the plane is ,’+_}_/‘T .
(b) that passes through the point (1, 4, 6) and the normal vector to the plane is
l:—2]'+/:'

Answer

The position vector of point (1, 0, —=2) is g :f_2}£ .
The normal vector  perpendicular to the planeis N =i+ j—k

The vector equation of the plane is given by, (F—d).N =0

=[F-(i-2k)] (7 +j-k)=0 (1)

is the position vector of any point P (X, y, z) in the plane.
LF=xi+y+zk

Therefore, equation (1) becomes
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[(u+1/+-A) —"A” 1+/— =0
:>|:(\—|)1+1/+( )](1+/ /‘:)

=>x+y—-z=3
This is the Cartesian equation of the required plane.
(@) The position vector of the point (1, 4, 6) is a=i+4j+6k

The normal vector perpendicular to the plane is N=i-2j+k

The vector equation of the plane is given by, (7—a).N =0

=[F-(i+aj+ok) | (f-2j+k)=0  .()

is the position vector of any point P (x, y, z) in the plane.
LF=xi+ v +zk

Therefore, equation (1) becomes
[(.\‘f+,1j;'+:/;)—(f+4.;'+6I;):|.(f—2_;'+l‘:) =)

=[(x=1)i+(y=4)j+(z=6)k |-(i-2j+k)=0
=(x-1)-2(y-4)+(z-6)=0
= Xx—2y+z+1=0

This is the Cartesian equation of the required plane.

Question 6:

Find the equations of the planes that passes through three points.
(@) (1,1, -1), (6, 4, =5), (-4, -2, 3)

(b) (1,1,0),(1,2,1),(-2,2,-1)

Answer

(a) The given points are A (1, 1, —-1), B (6, 4, =5), and C (-4, -2, 3).

~

—

N =7
Z ‘_J

21 Li
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I 1|
6 4 —5%=(12—IO)—(18—20)—(—l2+l())

=2+2-4

Since A, B, C are collinear points, there will be infinite humber of planes passing
through the given points.
(b) The given pointsare A (1, 1,0),B (1, 2, 1), and C (-2, 2, —-1).
1 I 0
| 1 |=(-2-2)-(2+2)=-8%0

Therefore, a plane will pass through the points A, B, and C.

It is known that the equation of the plane through the points, (X,¥.2 ). (x,.3.2,),
and (x,,y;,2) ) is

X—X Y=Y 22
Xs =X; Yo=Y 23 —2|=0
X=X Vs~ %3374

x-1 y=1 =z
=| 0 1 1 |=0

-3 1 -1
=(=2)(x=1)=-3(y-1)+3z=0
= 2x-3y+3z+2+3=0
=>=2x-3y+3z=-5
=>2x+3y-3z=5

This is the Cartesian equation of the required plane.

Question 7:
Find the intercepts cut off by the plane 2x+y—z=35

Answer
2x+y—-z=5 (1)

Yg‘ — 7

.4;‘J 21 Li\
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Dividing both sides of equation (1) by 5, we obtain

2 y z
—X+=——=]
5 5 5
X y 4 /
= —+=+—=1 -(2)
55 =5
2

-

X: P Z
It is known that the equation of a plane in intercept formis —+*+—=1, where a, b, c
a ) C
are the intercepts cut off by the plane at x, y, and z axes respectively.
Therefore, for the given equation,
5
u:;,b=5. and ¢=-5

Thus, the intercepts cut off by the plane are — . 3.and -3

[SS RV

Question 8:

Find the equation of the plane with intercept 3 on the y-axis and parallel to ZOX plane.
Answer

The equation of the plane ZOX is y

=0

Any plane parallel to it is of the form, y = a

Since the y-intercept of the plane is 3,
a=3
Thus, the equation of the required planeisy = 3

Question 9:

Find the equation of the plane through the intersection of the planes

3x—y+2z-4=0 and x+y+z-2=0andthepoint (2, 2, 1)

~— —

_T T=

4ffu_|_47 21 {_,f:;
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Answer
The equation of any plane through the intersection of the planes,

3x—-y+2z—-4=0andx+y+z-2=0,is
(3x—y+2z—4)+a(x+y+z-2)=0, where e R (1)
The plane passes through the point (2, 2, 1).

Therefore, this point will satisfy equation (1).
.'.(3x2—2+2><l—4)+a(2+2+l—2)=0

=24+3a=0
2
Sa=-=
bl
D

2
Substituting® = “; in equation (1), we obtain

5
(3x—y+2z—4)——(x+y+2z-2)=0
D

=3(3x-y+2z-4)-2(x+y+2z-2)=0
= (9x=3y+6z-12)-2(x+y+z-2)=0
= Tx=5y+4z-8=0
This is the required equation of the plane.
Question 10:

Find the vector equation of the plane passing through the intersection of the planes

f~(2f+2}'—3/€)=7. f.(2?+5}+3£)=9 '
! ‘ 5 and through the point (2, 1, 3)

Answer

;’~(2f+2]—3l;):7and r’-(2f+5]+3/;)=9
The equations of the planes are
= (20 +2j-3k)-7=0 (1)

F-(2i+5_}'+3/€)—9=0 -(2)

The equation of any plane through the intersection of the planes given in equations (1)

and (2) is given by,

N = ’17
4Q‘J 21 L,
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P (2

2i+2]
i-'-[(2+2,1)f+(2+5/i).}'+(3/1-3)&]:94+7 -(3)

The plane passes through the point (2, 1, 3). Therefore, its position vector is given by,
F=2i+2j+3k
Substituting in equation (3), we obtain
(274 7-3k).[ (2+24)7 +(2+54) ] +(32-3)k | =94+7
=(2+24)+(2+54)+(34-3)=94+7
= 184-3=94+7

=94=10
2/?.:&
9
.10

Substituting 4 =(—) in equation (3), we obtain

38 - " ’
F-(—Si +§ /'+§kJ= 17

9 9" 0

= F+(387 +68]+3k) =153

This is the vector equation of the required plane.

Question 11:

Find the equation of the plane through the line of intersection of the planes

x+y+z=1 and 2x+3y+4z =5which is perpendicular to the plane x—y+z=0
Answer

The equation of the plane through the intersection of the planes, x+ y+z=1and
2x+3,1*+4:_= 5 is
(x+y+z-1)+2A(2x+3y+4--5)=0
= (2244 1)x+(3A+1) p+(42+1)z—(54+1)=0 (1)

The direction ratios, ai, by, ci1, of this plane are (2A + 1), (3N + 1), and (4A + 1).

Yg‘ — 7

.4;‘J 21 Li\

www.tiwariacademy.com

Free web support in Education




Mathematics

wWww.tiwariacademy.com,

(Chapter 11)(Three Dimensional Geometry)
XII

The plane in equation (1) is perpendicular to x— y+z =0
Its direction ratios, a», by, ¢, are 1, —1, and 1.

Since the planes are perpendicular,
aa, +bb, +ec, =0
= (2241)=(34+1)+(42+1)=0

=344+1=0

. |
=S A=—-

1

_— Xl
Substituting 3 in equation (1), we obtain

This is the required equation of the plane.

Question 12:
Find the angle between the planes whose vector equations are

r-~(2i+2)'—3/£)=5 and r--(3f—3j+5/€):3

Answer

The equations of the given planes are F'(2f+2]—3l‘:)=5 and F‘(3l:—3]'+5/\:)=3
It is known that if and are Foh =d, and Foiy=d,
normal to the planes, , then the angle between them, Q, is given by,

N = ’17
4Q‘J 21 L,
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(1)

n - h
cosQ =|——1

|7,

ﬁ:
Here, 7 =2i+2j—3k and i, =3i —3]+5k

sy =(20+2)-3k)(30 3] +5k) =2.3+2.(-3)+(-3).5=-15
il =(2) +(2) +(-3) =

ol =(3) +(=3) +(5)

- - l—‘ —
Substituting the value of 77"/, i, |and|7,

"
—~
+
N
-

ﬁ

7

|
43

&

cosQ = %
= cosQ = l_]
= cosQ" (—\/—_TJ

Question 13:

In the following cases, determine whether the given planes are parallel or
perpendicular, and in case they are neither, find the angles between them.
(@) 7x+5y+6z+30=0and 3x—y—10z+4=0

(b) 2x+y+3z-2=0and x—-2y+5=0

(c) 2x=2y+4z+5=0and 3x-3y+6z—-1=0

(d) 2x—y+3z—1=0and 2x—y+3z2+3=0

(e) 4x+8y+z—-8=0and y+z-4=0

www.tiwariacademy.com

Free web support in Education




Mathematics

wWww.tiwariacademy.com,

(Chapter 11)(Three Dimensional Geometry)
XII

Answer
The direction ratios of normal to the plane, L, :ax+b,y+c¢,z=0, are a1, by, ¢c; and

L, :ax+by+c,z=0are a,, b,, c,

A A O L
e a; by ¢

L LL,if aa,+bb,+cc,=0

The angle between L; and L; is given by,

Q=cos”

a,a, +bb, +cc, ’
i
i

5 ) ) 3 5 B
\/a,‘ +b +cf-\Ja; +b; +¢;

(@) The equations of the planes are 7x + 5y + 6z + 30 = 0 and
3x—-y—-10z+4=0

Here, a1 =7, b1 =5,c1 =6
ay =3, b, ==Lc, =10

a, +bb,+cc, =Tx3+5%(=1)+6x(-10)=-44 %0

Therefore, the given planes are not perpendicular.

a,_7b|_5_ic',_()_—3
a 3'b -1 ¢, -10 5

| ' . G
It can be seen that, —# —#,—

Therefore, the given planes are not parallel.

The angle between them is given by,

Yg‘ — 7

.4;‘J 21 Li\
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» Tx3+45x(=1)+6x(-10)
O=COS Y N 5 ( > ) 5
(7Y +(5) +(6) xyJ(3) +(~1)" +(~10)
_ cos! | 215 60 |
JT10 x+/110]
L, 44
=C0§ ——
T
B
=C0O0S —
5

(b) The equations of the planes are 2y+y+3z—2=0and x—2y+5=0
Here, @, =2,b=1,¢,=3 gpnd @=L b, =-2,c,=0
Laa, +bb, +ee, =2x1+1x(-2)+3x0=0
Thus, the given planes are perpendicular to each other.
(c) The equations of the given planes are 2x—2y+4z+5=0and 3x—-3y+6z-1=0
Here, ¢, =2, b -2,¢, =4 and a,=3,b,=-3,c,=6

aa, +bb, +ce, =2x3+(-2)(-3)+4%x6=6+6+24=36#0

Thus, the given planes are not perpendicular to each other.

!
a 2b -2 2 ¢ 4 2
== d=—=—andLt=—==
a 38 =3 ¢, 6 3
a b ¢

Thus, the given planes are parallel to each other.

(d) The equations of the planes are 2x—y+3z—1=0and 2x—y+3z+3=0
a=2,b==l,c,=3 and a, =2, b,=~1,¢c; =3
Here,
L R Wl SO O 0 Y
a, 2 =l cy 3
% MG

a, b ¢

Thus, the given lines are parallel to each other.

— . —

> ]<
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(e) The equations of the given planes are 4x+8y+z—-8=0 and y+z-4=0

(I|:4.b,:8~c|=] and (l::().b::l-C':ZI
Here,

aa, +bb, +cc, =4x0+8x1+1=9=0

Therefore, the given lines are not perpendicular to each other.
a 4 b 8 ] C

—=—=8, —=-=1

a, 0 b, 1 c, |

a b ¢
— L
a, b, ¢

Therefore, the given lines are not parallel to each other.

The angle between the planes is given by,

. 4x0+8x1+1x1 9

|
=¢cos” |

JE L8+ xJO + 1 41 954

|

O = cos

v

\':co

()|

o 1)
("r;J“‘S

VN <

Question 14:

In the following cases, find the distance of each of the given points from the
corresponding given plane.

Point Plane

(a) (0, 0, 0) ¥ —4y+12z=3

(b) (3, -2, 1) 2x—y+2z+3=0

(€) (2, 3, —5) ¥+2y—22=9

(d) (-6, 0, 0) 2x=3y+62-2=0

Answer

It is known that the distance between a point, p(xi, vi, z1), and a plane, Ax + By + Cz

= D, is given by,

N = ’17
4Q‘J 21 L,
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(b) The given

pointis (3, — 2 v
1) and the plane d = Ax+ By, +Cz - D (1)
is JAA+ B +C?

(a) The given point is (0, 0, 0) and the plane is 3X—4y+12z =3

3 3

o) (Iz)! Jies 13

K G

2x3- (°)+’x1+3l H 13 2x-y+2z+3=0

“er _

Y
3

(c) The given pointis (2, 3, —=5) and the planeis x+2y—2z =
2+2%x3- 7 9‘
WO ey (- z)!

(d) The given point is (-6, 0, 0) and the plane is 2¥—3y+62-2=0

9
=Z=j3
3

2 —6)—3x0+6x0—2._‘—|43 14

:—::2

- -
J@F +(3) +(6)" | V417

d
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