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(Chapter 11)(Three Dimensional Geometry)
XII

Miscellaneous Solutions
Question 1:
Show that the line joining the origin to the point (2, 1, 1) is perpendicular to the line
determined by the points (3, 5, —1), (4, 3, —1).
Answer
Let OA be the line joining the origin, O (0, 0, 0), and the point, A (2, 1, 1).
Also, let BC be the line joining the points, B (3, 5, —1) and C (4, 3, —1).
The direction ratios of OAare 2, 1,and 1 andof BCare (4 -3) =1, (3-5) = -2, and
(-1+1)=0
OA is perpendicular to BC, if ajaz + bib, + cic; = 0
sa@ +biby+cic;=2x14+1(-2)+1x0=2-2=0
Thus, OA is perpendicular to BC.

Question 2:

If I, my, n; and Iz, my, Nz are the direction cosines of two mutually perpendicular lines,
show that the direction cosines of the line perpendicular to both of these are min, — mzny,
n1I2 - n2|1, I1m2 - I2m1.

Answer

It is given that I;, m1, n1 and I, my, ny are the direction cosines of two mutually

perpendicular lines. Therefore,
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L+ mm, +nn, =0 (1)
IF+m +n =1 x:{(2)
I +m;+n =1 k3)

Let I, m, n be the direction cosines of the line which is perpendicular to the line with
direction cosines |;, mi, n; and Iz, mz, nz.
A+ mmg+nn = 0

Il +mm, +nn, =0
/ m n

mn, —myn, ml,—=nd, Lm,—1lm,

I’ m’ n
= = = .
(mp,=mn ) (ml=nd)  (hm,—=Lm,)
' m’ "
= = — = =
(mpy, =mn)) (mly=nd) (Lmy,—Lm,)
I +m’ +n
= .(4)

(mn, —m,n, ): +(mdy —m, ): +(m, —l.m, )2
[, m, n are the direction cosines of the line. -I?+ m2 + n2 =1 .. (5)
It is known that,
(lf +m 4 n )(l +ms +n; ) ~ (L1, + mm, + nn, )

b a2

= (myny —myn, ) +(mdy —mol, ) +(himy — Lm,)

From (1).(2),and(3), we obtain

= L1=-0=(mn, +m,n, ): +(nl, —n,l, ): +(4m, —Lm,)

(myn, —mn, ) +(ndy —md, ) +(lmy = lm,) =1 ..(6)

Substituting the values from equations (5) and (6) in equation (4), we obtain

& m- n

- (Lms —Lm,)’

=l =mmn, —mn.m=nl, —nl.n=Im,—=l,m,

mn, —=m,n : 0, —ml
1 2%°k, 2°3 2*1

) ) ) ) ) mn, = m,n,, nl, —n,d, andlim, = Lm,.
Thus, the direction cosines of the required line are = ® *
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Question 3:

Find the angle between the lines whose direction ratios area, b,candb —¢c,c—a, a —
b.

Answer

The angle Q between the lines with direction cosines, a, b, candb —c,c—a,a—- b, is
given by,

a(b-c)+b(c—a)+c(a-h) ’

va' +b* +¢* + \/(h—c')' +(c—a) +(a—b) ‘
= cos@=0

= =cos '
= 0=90°

Thus, the angle between the lines is 90°.

Question 4:

Find the equation of a line parallel to x-axis and passing through the origin.
Answer

The line parallel to x-axis and passing through the origin is x-axis itself.

Let A be a point on x-axis. Therefore, the coordinates of A are given by (a, 0, 0), where
a eR.

Direction ratios of OAare(a—-0) =4, 0,0
The equation of OA is given by,
x=0_-p=0_-2=0

a 0 0
X y z

=S —=—=—=gq
1 0 0

Thus, the equation of line parallel to x-axis and passing through origin is
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Question 5:
If the coordinates of the points A, B, C, D be (1, 2, 3), (4, 5, 7), (-4, 3, —6) and (2, 9,
2) respectively, then find the angle between the lines AB and CD.
Answer
The coordinates of A, B, C, and D are (1, 2, 3), (4, 5, 7), (-4, 3, =6), and (2, 9, 2)
respectively.
The direction ratios of ABare (4 —1)=3,(56—-2)=3,and (7 -3) =4
The direction ratios of CD are (2 —(—4)) =6, (9 -3) =6, and (2 —(-6)) =8
a b ¢ 1

b ¢ 2
It can be seen that, b, ¢ 2

Therefore, AB is parallel to CD.
Thus, the angle between AB and CD is either 0° or 180°.

Question 6:
x=1_ y=2 z~3 x-1_ y-1_2z-6
If the lines 3 2k : and 3k l S are perpendicular, find the value
of k.
Answer
x=1 y—2 2z~3 x=1_y—k_2z-=6
The direction of ratios of the lines, 3 2k “ and 3k I =3 , are =3,

2k, 2 and 3k, 1, =5 respectively.

It is known that two lines with direction ratios, ai, bi, c; and az, bz, ¢, are
perpendicular, if a;a; + bib, + cico = 0

So=3(3k )+ 2k x1+2(-5)=0

= -9k +2k-10=0

= Tk=-10
-10
= k=—ro
7
10
k=-—
Therefore, for 7 , the given lines are perpendicular to each other.
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Question 7:

Find the vector equation of the plane passing through (1, 2, 3) and perpendicular to the

planei‘-(f+2]‘—515)+9=0

Answer

The position vector of the point (1, 2, 3) is 7 :f+2_}'+3/2

The direction ratios of the normal to the f-.(i +3_;_5/\7)+9 =() plane, are 1, 2, and
_5 .
and the normal vector is ¥ =/ +2/ =5k

The equation of a line passing through a point and perpendicular to the given plane is

_ [ =F+AN,A€R
given by,

:97=(f+2_;'+3/;)+/i(f+2]—5/5}

Question 8:

Find the equation of the plane passing through (a, b, c) and parallel to the plane
I-(; +j+ /:) =72
Answer

Any plane parallel to the plane, Fl-(,’+j+/$) =2

F-(f+}+/;)=2 (1)

The plane passes through the point (a, b, c). Therefore, the position vector of this
Therefore, equation (1) becomes
(uf+/g;'+(.'/;)-(f+_}'+/;) =A

= a+b+c=A4
Substituting s a+h+cin equation (1), we obtain

F‘(;+_;'+/\?)=u+b+c -(2)
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This is the vector equation of the required plane.
Substituting F= -“f+.‘§+ik’ in equation (2), we obtain
(.\'f+)j}'+:l«:)'(f+}'+I§)=a+b+c

=>x+y+z=a+b+c

Question 9:

F =6:’+2]‘+2!E+2.(f—2j+21\:)
Find the shortest distance between lines

F =4l —k+u(30-2]-2k)

and
Answer

The given lines are
F=6i +2]+2k+A(i 2] +2k) (1)

F=—d4i —k+u(31 -2/ -2k) (2)
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F=a,+Ab,  F=a,+Ab,

It is known that the shortest distance between two lines, and °, s
given by
(F'IXI;?)'(‘??—‘—G) /
d=|- — (3)
16,5,
Comparing F=a +,{5] and 7 = d, + Ab. to equations (1) and (2), we obtain

a =61 +2j+2k

b=i-2j+2k

a,=-4 —k

b,=3i -2]-2k

= d, u,,(—4i—/€)—(6f+2j+2/§)——10:’—2}—3/?
i

= b x b, =|l “2 2 |=(4+4)i—(=2-6)j+(-2+6)k =8 +8] + 4k
3 = )

(% b,):(a ~a)=(8i +8] +4k)-(~10i -2/~ 3k) =-80-16-12=-108

Substituting all the values in equation (1), we obtain

—108
12

4

—9

d=

Therefore, the shortest distance between the two given lines is 9 units.

Question 10:

Find the coordinates of the point where the line through (5, 1, 6) and
(3, 4, 1) crosses the YZ-plane

Answer

It is known that the equation of the line passing through the points, (xi, y1, z1) and (xz,
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X=X _ P=W T

s Xy — X o — ¥, Z2y—2
ya, 22), s 20N T S TE

The line passing through the points, (5, 1, 6) and (3, 4, 1), is given by,

x=y. y=1_z=0

3-5 4-1 1-6
x=3 .y=1 z—6 :

= == =k (say
23 o )

=x=5-2k, y=3k+1,z=6-5k

Any point on the line is of the form (5 — 2k, 3k + 1, 6 —5k).
The equation of YZ-plane isx =0

Since the line passes through YZ-plane,

5-2k=0
s
k==
2
S
=3k+1=3x- +l=l7
2 2

6—5k=6-5x§—=
2

(e ==

17 —13]

Therefore, the required point is (

Question 11:

Find the coordinates of the point where the line through (5, 1, 6) and (3, 4, 1) crosses
the ZX — plane.

Answer

It is known that the equation of the line passing through the points, (xi1, y1, z1) and (xz,

X=X _ P=W _ Z=Z

s Xy — X, oy — V¥, 2y —2
Y2, 22), is 2 I 4‘_ Y 2 |

The line passing through the points, (5, 1, 6) and (3, 4, 1), is given by,
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x=3 _y=1_z=06
3-5 4-1 1-6
x=5 y=-1 z-6 :
— == = =k (say
e R
=>x=5-2k, y=3k+1,z=6-5k

Any point on the line is of the form (5 — 2k, 3k + 1, 6 —5k).

Since the line passes through ZX-plane,

3k+1=0
:>k:—l
3
:>5—7k—5—-[-1j=‘_
3 3
5
6—5k=o-5(_1)=-_3
3
17 23
Therefore, the required point is | 5 0~?
Question 12:

Find the coordinates of the point where the line through (3, -4, —=5) and (2, — 3, 1)
crosses the plane 2x +y + z = 7).
Answer

It is known that the equation of the line through the points, (x1, y1, z1) and (xz, Y2, Z2),

Since the line passes through the points, (3, —4, —5) and (2, -3, 1), its equation is

given by,

x=3 y+4 z+5

2-3 -3+4 1+5
\—J_l’+4_:+5=‘(vsay)
-1 1 6

=>x=3-k, y=k-4,z=6k-5
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Therefore, any point on the line is of the form (3 — k, k — 4, 6k — 5).

This point lies on the plane, 2x + y +z =7

22B3-k)+(k-4)+((®6k-5)=7

= 5k-3=7

= k=2

Hence, the coordinates of the required pointare (3 -2,2-4,6 x 2 - 5)i.e., (1, -2,
7).

Question 13:

Find the equation of the plane passing through the point (-1, 3, 2) and perpendicular to
each of the planes x + 2y + 3z =5and 3x + 3y + z = 0.

Answer

The equation of the plane passing through the point (-1, 3, 2)isa(x + 1) + b (y — 3)

+c(z—-2)=0..(1) where, a, b, c are the direction ratios of normal to the plane.

_ ax+by+cz+d =0 a,x+b,y+c,z+d, =0
It is known that two planes, : and - = ® 3 , are

perpendicular, if “1% +bb, +c,c, =0

Plane (1) is perpendicular to the plane, x + 2y + 3z = 5
Sa-l+b-24¢-3=0
=a+2b+3c=0 -(2)

Also, plane (1) is perpendicular to the plane, 3x + 3y +z=0
Sa3+bh-34¢-1=0

=3a+3b+c=0 (3)
From equations (2) and (3), we obtain

a N b B c
2x1-3x3 3x3-Ix1 1x3-2x3

a b

= a=-7k; b=8k, c==3k

Substituting the values of a, b, and c in equation (1), we obtain
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~Th(x+1)+8k(y-3)-3k(z-2)=0
=(-7x-7)+(8y-24)-32+6=0
= -Tx+8y-3z-25=0

= Tx-8y+3z+25=0

This is the required equation of the plane.

Question 14:
If the points (1, 1, p) and (-3, 0, 1) be equidistant from the plane

f-(3f+4)'-12/€)+13=0
, then find the value of p.

Answer

The position vector through the point (1, 1, p) is a=i+j+pk

Similarly, the position vector through the point (=3, 0, 1) is

a,=-4i +k

r--(3i+4j'—12k“)+13 =0
The equation of the given plane is
It is known that the perpendicular distance between a point whose position vector is

. i(_; N' —d'
and the plane, 7- N =d, is given by, D ZT

Here, N =3i +4/—12k andd =13
Therefore, the distance between the point (1, 1, p) and the given plane is

(f+_}'+/1/2)-(317+4_;'—I2/€)+13

D, = e
3 +4]-124]
412
— D 3+4 l-p+13|1
\/3’+4-‘+(—12)'
_|20-12p|
=SDr= T (1)
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Similarly, the distance between the point (=3, 0, 1) and the given plane is

](—3;‘+/E)-(3i+4_}—12/E)+13‘

D, = b -
37 +4) -12k]
’—‘)—|2+13:
=D,=—= —
J3 4 +(-12)
S P +{2)

13
It is given that the distance between the required plane and the points, (1, 1, p) and
(=3, 0, 1), is equal.
D1 = Dz
- |2()—12p\ L 8
13 13
=20-12p=8or —(20—12p) =8

=I12p=120or 12p =28

= p=1or ;—z
)2 / 3

Question 15:
Find the equation of the plane passing through the line of intersection of the planes

Fo(i+j+k)=1and 7-(2i+3j-k)+4=0
and parallel to x-axis.

Answer

The given planes are

r'-(f+ }'+I§)=l
:F-(f+_/’+l$)—l=0
Fo(2+3j-k)+4=0

The equation of any plane passing through the line of intersection of these planes is
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[i’-(f+_}‘+/f)—l}+}.[i"~(2f+3]—lf)+4}=()

Fo[(2A+1)i+(32+1) j+(1-A)k | +(42+1)=0 (1)

Its direction ratios are (2A + 1), (3A + 1), and (1 — A).

The required plane is parallel to x-axis. Therefore, its normal is perpendicular to x-axis.
The direction ratios of x-axis are 1, 0, and 0.

SL(2A4+1)+0(34+1)+0(1-2)=0

= 2A+1=0

; |
= A=——
2
Substituting'i =, inequation (1), we obtain
= l - 3,;: +{=3)=0
=r: —‘5_[+5 "-'("-)—

:>f(]'—3/€)+6=0
Therefore, its Cartesian equationisy —3z+ 6 =0

This is the equation of the required plane.

Question 16:

If O be the origin and the coordinates of P be (1, 2, —3), then find the equation of the
plane passing through P and perpendicular to OP.

Answer

The coordinates of the points, O and P, are (0, 0, 0) and (1, 2, —3) respectively.
Therefore, the direction ratios of OPare (1 - 0)=1,(2-0)=2,and (-3 -0) = -3

It is known that the equation of the plane passing through the point (x1, y1 z1) is

X=x )+oly-y)+elz-z )= iracti i
a(x=x)+b(y=y)+e( ) Owhere, a, b, and c are the direction ratios of normal.

Here, the direction ratios of normal are 1, 2, and —3 and the point P is (1, 2, —3). Thus,

the equation of the required plane is
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I(x—1)+2(y-2)-3(z+3)=0
=>x+2y-3z-14=0

Question 17:
Find the equation of the plane which contains the line of intersection of the planes

Feo(i+2]+3k)-4=0 F-(20+]-k)+5=0

I

f~(5i+3_}'-6/€)+8=0

and which is perpendicular to the plane

Answer
The equations of the given planes are
r'-(f+2_}'+31§)-4=0 wild)

f-(2i+j—A?)+5=o -(2)

The equation of the plane passing through the line intersection of the plane given in

equation (1) and equation (2) is

[7:(F+27+3k)=4]+ 2] 7 (2 + j-k)+5] =0
Fo[ A+ 1)i+(A+2) j+(3-A)k ] +(52-4)=0 -.(3)

f-(5f+3}-6/€)+8:0
The plane in equation (3) is perpendicular to the plane,
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5 5(22+1)+3(4+2)-6(3-1)=0
=194-7=0

.
= A=—
19

Substituting'{ = E in equation (3), we obtain

.1 33: 45 . 50 -~ |-41]
=SF| —i+—j+—k|—=0

19 19 19 19

= f-(33i+45_)'+50/$)-41 =0 (4
This is the vector equation of the required plane.
The Cartesian equation of this plane can be obtained by substituting / = */ 0+ 2k
equation (3).
(7 + 37 + :&)-(33:’ +45]+50k) - 41=0

= 33x+45y+50z-41=0

Question 18:

Find the distance of the point (-1, —5, —10) from the point of intersection of the line

,’-‘:21’—_}'+21§+i(3f+4]'+3’;) d the ol '—"('?_]H‘:):S
an e plane ' '

Answer

The equation of the given line is
Fo=2i— J+2k+2(37+4]+2k) (1)
The equation of the given plane is

Fi-j+k)=5 o))

Substituting the value of from equation (1) in equation (2), we obtain
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(2 - j+2k+2(37 +a]+2k)|-(i-j+k)=5

=[(32+2)i +(42-1) j+(22+2)k |-(I- j +)=5

= (34+2)-(44-1)+(24+2)=5

=>A=0

Substituting this value in equation (1), we obtain the equation of the line as
F=2i—j+2k

This means that the position vector of the point of intersection of the line and the plane

. F=2i =Tk
is F=2i—j+2k

This shows that the point of intersection of the given line and plane is given by the
coordinates, (2, —1, 2). The pointis (-1, =5, —10).
The distance d between the points, (2, -1, 2) and (-1, =5, —10), is

d=\/(_|_z)'" +(=5+1)" +(-10-2) =J9+16+144 =169 =13

Question 19:

Find the vector equation of the line passing through (1, 2, 3) and parallel to the planes

F=(i-j+2k)=5and 7.(3i+]+k)=6

Answer

Let the required line be parallel to vector given by,
b=bhi+b,j+bk

The position vector of the point (1, 2, 3) is a :'?"'2'7*'3/‘?

The equation of line passing through (1, 2, 3) and parallel to is given by,
F=d+Ab

N r'(_i +2]+3k ) + /:(_hj +b,j +bk) (1)

The equations of the given planes are
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Fo(i-Jj+2k)=5 sil2

)
r’-(3i.+‘}'+l\:)=6 (3)

The line in equation (1) and plane in equation (2) are parallel. Therefore, the normal to
the plane of equation (2) and the given line are perpendicular.

=> (i~ j+2k)-2(bi +b,j+bk)=0

= A(b, b, +2b,) =0

= b —b, +2b,=0 (4)
Similarly, (Sf+,}'+l€)-,l(b,f+h;}'+b312')=0

= A(3b, + b, +b,)=0

=3b +b,+b,=0 «(5)
From equations (4) and (5), we obtain
b s O ..

(=1)x1-1x2 2x3-1x1 1Ix1-3(-1)

b b, b
e e L —

-3 5 4
Therefore, the direction ratios of are -3, 5, and 4.

wb=hi+b,j+bk=-3+5]+4k

Substituting the value of in equation (1), we obtain

F =(f+2_}‘+3l;‘)+/1(—3f+5_}'+4!;)

This is the equation of the required line.

Question 20:

Find the vector equation of the line passing through the point (1, 2, — 4) and

” — ) C P —
X 8=,\+l)=- IOand

perpendicular to the two lines: 3 -16 7 3 8 -5

x-15_y-29 z-5
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Answer

iven by, b=bi+b,j+bhk
Let the required line be parallel to the vector ¢ y ERLLIEN

The position vector of the point (1, 2, — 4) is da=i+2j-4k

The equation of the line passing through (1, 2, —4) and parallel to vector is
F=d+2b

= F (7 +2] - 4k)+ A(bi +b,j +bk) (1)

The equations of the lines are

x—8 y+19 z-10

3 -6 7
x=15 y-=-29 z-5 it
== = o
3 8 -5 ( )
Line (1) and line (2) are perpendicular to each other.
53b —16b,+7b, =0 (4)
Also, line (1) and line (3) are perpendicular to each other.
2. 3b, +8b, =5b, =0 -(5)
From equations (4) and (5), we obtain
, b P S
(—16)(—5)—8x7 7x3—3(—5) 3><8—3(—l6)
b b, b
—_ — = = —
24 36 72
| I, Y !
U I L R
2 3 6
~Direction ratios of are 2, 3, and 6.

s b=2i+3j+6k

Substituting b=2i+3]j+6k inequation (1), we obtain

F=(f+2]-4k)+2(27 +3]+6k)

This is the equation of the required line.
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Question 21:

Prove that if a plane has the intercepts a, b, c and is at a distance of P units from the
1 1 1 1
T3t 3 3

origin, then ¢ b> ¢ p

Answer

The equation of a plane having intercepts a, b, c with x, y, and z axes respectively is
given by,
X V

O e
a b c

=] (1)

The distance (p) of the plane from the origin is given by,

Question 22:

2x+3y+4z=4and 4x+6y+8z= 12

Distance between the two planes: s

>
—units
(A)2 units (B)4 units (C)8 units (D) V29
Answer

The equations of the planes are
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2x+3y+4z=4 (1)
4x+6y+8z=12
= 2x+3y+4z=6 -(2)

It can be seen that the given planes are parallel.

It is known that the distance between two parallel planes, ax + by + cz = d; and ax +
by + cz = dj, is given by,

D= d,—d,
Jat +b* +¢°
opel ik
J@2) +(3) +(4)
2
T

2
Thus, the distance between the lines is V29 units.

Hence, the correct answer is D.

Question 23:
The planes: 2x —y + 4z = 5 and 5x — 2.5y + 10z = 6 are

(002
4

(A) Perpendicular (B) Parallel (C) intersect y-axis (D) passes through *
Answer

The equations of the planes are

2x —y+4z=5..(1)

5x — 2.5y + 10z =6 ... (2)

It can be seen that,
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a 2

a 5

h_ -1 2
b, 25 5
¢ 4 2
¢ 10 5
a4_b_¢q
a b ¢

Therefore, the given planes are parallel.
Hence, the correct answer is B.
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