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Application of Derivatives
Exercise 6.2

Question 1:
Show that the function given by f(x) = 3x + 17 is strictly increasing on R.

Answer

Letx, and x, be any two numbers in R.
Then, we have:
X, <x,=3x <3x, =35, +17<3x0, +17= f(x,) < f(x.)

Hence, fis strictly increasing on R.

Alternate method:
fi(x) = 3 > 0, in every interval of R.

Thus, the function is strictly increasing on R.

Question 2:
Show that the function given by f(x) = e* is strictly increasing on R.

Answer

Let x, and x, be any two numbers in R.

Then, we have:

Xo<x,=2x <2, = e < = f(x)<f(x)

Hence, fis strictly increasing on R.

Question 3:

Show that the function given by f(x) = sin x is

R m
(a) strictly increasing in ({J!;](b) strictly decreasing in (En]
(c) neither increasing nor decreasing in (0, n)
Answer

The given function is f(x) = sin x.

S (x)=cosx
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(a) Since for each x € [ﬂ.g),cosx:a (), we havej"{x} =.

Hence, fis strictly increasing in(ﬂ,%].
(b) Since for each x [g,n }cos x <0, we have f'(x)<0.

b1
Hence, fis strictly decreasing in E.rl: .
(c) From the results obtained in (@) and (b), it is clear that f is neither increasing nor

decreasing in (0, n).

Question 4:

Find the intervals in which the function f given by f(x) = 2x*> — 3x is
(@) strictly increasing (b) strictly decreasing

Answer

The given function is f(x) = 2x* — 3x.

fx)=4x-3

()= _3
..f[.m)—{} :ﬁ_t—4

3 N 3
Now, the point Edivides the real line into two disjoint intervals i.e., (—m_%Jand(z; ]

—0

=i

o
-

e

{
In interval | —ao,%}f‘{x] =dx-3<0.
h
3\
Hence, the given function (f) is strictly decreasing in interval(—m.EJ.

In interval (%,-:o],j"(x}= dx-3=0,
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Hence, the given function (f) is strictly increasing in interval (%TJ

Find the intervals in which the function f given by f(x) = 2x> — 3x*> — 36x + 7 is
(@) strictly increasing (b) strictly decreasing
Answer

The given function is f(x) = 2x> — 3x* — 36x + 7.

S(x)=6x" —6x-36=6(x"—x—6)=6(x+2)(x-3)

S (x)=0 = x=-2,3

The points x = —2 and x = 3 divide the real line into three disjoint intervals i.e.,

(=2:=2).(-2.3), and (3,%).

—tin

ot
- + L

=T
()

In intervals{—u«:,—z} and {3_::0],}"{,-;}5 positive while in interval

(-2, 3), f'(x) is negative.
Hence, the given function (f) is strictly increasing in intervals

{—-:3,—2} and {S,co} , while function (f) is strictly decreasing in interval
(-2, 3).

Find the intervals in which the following functions are strictly increasing or decreasing:
(a) x> + 2x — 5 (b) 10 — 6x — 2x?

(c) —2x* = 9x* — 12x + 1 (d) 6 — 9x — x?

(e) (x +1)° (x - 3)°
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Answer
(a) We have,

flx)=x"+2x-5
s f(x)=2x+2
Now,
f'(x)=0=x=-1

Point x = —1 divides the real line into two disjoint intervals i.e., (—20,—1) and (—1,20).
In interval (—a0,—1), f'(x)=2x+2<0.

~f is strictly decreasing in interval {—x,—l}.

Thus, fis strictly decreasing for x < —1.

In interval (—1,e0), f"(x)=2x+2>0.

« fis strictly increasing in interval {—l,co],

Thus, fis strictly increasing for x > —1.
(b) We have,

f(x) = 10 — 6x — 2x?

L f(x)=-6-4x

MNow,

f’{.r]=[l:>:c=—%
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The point x = _gdivides the real line into two disjoint intervals

In interval (—ao—%] i.e., whenx < —%,f‘{xj =_fh—dx <0,

3
=~ fis strictly increasing for x < w5

_ 3 3
In |ntewal(—§,w) i.e., whenx = =3 f'(x)=-6-4x<0.

4

-~ fis strictly decreasing for x = —%.

(c) We have,

fix)=-2x-9x* - 12x + 1

o f(x)=—6x" ~18x—12=—6(x* +3x+2)=—6(x+1)(x+2)
Now,

f(x)=0 =>x=-landx=-2

Points x = —1 and x = —2 divide the real line into three disjoint intervals

i.e., (—o,-2),(-2,-1), and (-1,).

In intervals {—:Jc,—Z] and {_|,a:} i.e., when x < =2 and x > -1,
Sf(x)==6(x+1)(x+2)<0
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~ fis strictly decreasing for x < =2 and x > —1.

Now, in interval (-2, —1) i.e., when =2 < x < —1, f’{x]:—ﬁ(x+l][x+2]}[}.

~ fis strictly increasing for =2 < y < —].

(d) We have,

fx)=6-9x—x’
s f(x)=-9-2x
Now, [

(x)=0givesx = —g

9
The pointx = —Edivides the real line into two disjoint intervals i.e.,

. 91 . ) 9

In mterval(—c-o.—E] i.e., for x < Y f (1.) =92y =0)-
e : 9

= fis strictly increasing forx < —5

¢ 9
In interval (—%,a:-) i.e., forx = —E,f‘(x] =-9-2x <0,
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9
- fis strictly decreasing for x = =3

(e) We have,

fix) = (x+ 1)’ (x - 3)°

F1(x)=3(x+1) (x=3)" +3(x=3)" (x+1)°
=3(x+1) (x=3)"[x=3+x+1]
=3(x+1) (x=3)"(2x-2)

2

=6(x+1) (x=3) (x~1)

Now,
_f"{x}:ﬂ = x=-1,31
The points x = —1, x = 1, and x = 3 divide the real line into four disjoint intervals

i.e., (—=,~1), (-1, 1), (1, 3), and (3,=).

In intervals(—=,—1)and (-1, 1), _f"{_r}=6{x+lj’1 (x—=3) (x-1)<0.
« fis strictly decreasing in intervals (—c,—1)and (-1, 1).

% a

In intervals (1, 3) and (3,=¢), f'(x)=6(x+1) (x=3) (x-1)>0.

=~ fis strictly increasing in intervals (1, 3) and {3,00}.
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Question 7:

2x
2+x

Show that y = Ieg(l + x}—

domain.

,x ==1, is an increasing function of x throughout its

Answer
We have,

2x
r=log({l+x)-——
y=log(1+x) s

cdy 1 (2+0)(2)-2x() 1 4 X
Cd l+x (24x)  lex (24x)  (2+x)

Now, d—} =0
dx

3

X
(2+x)
=x' =0 [(2+x)#0asx>—1]
=x=0

= =0

Since x > —1, point x = 0 divides the domain (-1, ) in two disjoint intervals i.e., =1 <
x < 0andx > 0.

When —1 < x < 0, we have:
x<0=x">0

¥>-1=(24x)>0=(2+x) >0

' x

Sy = — =)
YT 2ex)

Also, when x > 0:

r>0=x =0, |[2+.1c}2 =0

p
.-": = }ﬂ
YT 2y

Hence, function f is increasing throughout this domain.

Question 8:
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Find the values of x for which y = [x{.r—i]]lis an increasing function.

Answer

We have,

y= [x{x—z}]: = [xj —Ex:2

'.E:y' :2(:(:—21'){2:(—2} =4x(x-2)(x-1)
abx

.'.ﬁzﬂ' = x=0x=2x=1.
el

The points x = 0, x = 1, and x = 2 divide the real line into four disjoint intervals i.e.,

(—o0,0), (0,1) (1,2),and (2,).

In intervals(—c,0) and (1,2), ?{ﬂ.
i

-y is strictly decreasing in intervals (—,0) and (1,2).

ﬂ}n_

However, in intervals (0, 1) and (2, o), e

~ y is strictly increasing in intervals (0, 1) and (2, o).

.y is strictly increasing for 0 < x < 1 and x > 2.

Question 9:

4 5i s
Prove that y :L{}—{} is an increasing function of 6 in [U.—]
’ (2 + C0S 6‘] 2
Answer
We have,
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4sin &
(2+ u:usﬁ'}

_dy _(2+cos6)(4cosf)—4sin6(-sin 6) iy
dx (2+cosd)’
_ 8cos @+ 4cos’ H+4sin1€_l
(2+cosd)’
_ Beost+4
~(2+cosb)

dy
MNow, —=1.
dx

BcosHf+4
=—7-=I

[2+cus£’}
= 8cosf+4 =4+cos’ @ +4dcosd?
= cos #—4dcos@ =0
= cosf(cosd—4)=0
= cosf?=0or cos?=4
Since cos 6 # 4, cos 6 = 0.

cnsﬁ‘:ﬂ:ﬁﬁ*:g

Now,
dy Ec033+4—(4+c0319+4m59) 4cosf—cos’ O cos (4 —cos0)
dx (2 +cosB) (2 +cosd)’ (2+cos@)’
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In interval (U, g], we have cos 6 > 0. Also, 4 >cos 8 =>4 —cos 6 > 0.

SLC0s 5'{4 —CO8 i'i‘} =) and also [2 +cos 5"}: =)
cusﬂ(il—cmf?]
(2+ cosb :I:
dy

= —=0
X

T
Therefore, y is strictly increasing in intervaI(Us 5]
o
Also, the given function is continuous at x =0 and x = >

T
Hence, y is increasing in interval{ﬂsa]
Question 10:
Prove that the logarithmic function is strictly increasing on (0, o).

Answer

The given function is f(x) = log x.
ooy b
S f [.1.)— .
It is clear that for x > 0, f'(x)= oo

X

Hence, f(x) = log x is strictly increasing in interval (0, o).

Question 11:
Prove that the function f given by f(x) = x> — x + 1 is neither strictly increasing nor
strictly decreasing on (—1, 1).

Answer
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The given function is f(x) = x* — x + 1.

L f(x)=2x-1

Now, f'(x)=0=x =%.
1
The point Edivides the interval (-1, 1) into two disjoint intervals
i.e.,(—L ]—} and []—, I].
2 2
(o
Now, in interval | —1, E]fw{,s,} =2x-1<0.
N
N o 1
Therefore, fis strictly decreasing in mterval(—l, 5]
I '
However, in interval(i, l),f {.r}= 2x—1=10,

Therefore, f is strictly increasing in interval (E 1].

Hence, fis neither strictly increasing nor decreasing in interval (-1, 1).

Question 12:

[ n
Which of the following functions are strictly decreasing on LU,;]?
(A) cos x (B) cos 2x (C) cos 3x (D) tan x }

Answer
(A) Let f;(x)=cosx.

S (x)=—sinx
. m ' .
In interval U’E (x)=—sinx < 0.
.. fi(x)=cosx is strictly decreasing in interval([}, g]
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(B) Let f,(x)=cos2x.
= f(x)=-2sin2x

Nm!.u(]{rﬁ%ﬁﬂ{h’cznﬁﬂinlx;-f}:b—Eﬁinix{ﬂ

S (x)=-2sin2x <0 mr[[],%}

T
R [r} = ¢os 2x is strictly decreasing in interval (U, EJ
(C) Let f,{x)=cos3x,
. fi(x)=—3sin3x
Now, f/(x)=0.

= sin3x=0=3x=masxe (Gg]

==

L | =

The point x=§divides the interval (D, g]into two disjoint intervals

i.e., 0 (U, E] and [E,EJ.
3 32

{
Now, in interval | O%Jf (x)=-3sin3x<0 [m‘ 0<x< % =0<3x< n}.
\

~ f3 is strictly decreasing in interval ([}, EJ

. . 3
However. in interval [£~ E]. 1 {'l.) =—3sin3x =10 [cm Tyl anadne —‘1
3 7 - 3 9 7
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T on
- f3 is strictly increasing in interval (E’ 5]

Hence, f3 is neither increasing nor decreasing in interval [[}, g]

(D) Let f,(x)=tanx,

S fi(x) =sec’ x

In interval ({L ;].j:[x}=sec?x>ﬂ,

T
~ fy is strictly increasing in interval (U, EJ

T
Therefore, functions cos x and cos 2x are strictly decreasing in (U, EJ

Hence, the correct answers are A and B.

Question 13:

N}

On which of the following intervals is the function f given by f{.r}: 1 4+sin x—1 strictly

decreasing?

A (0. 1) ) (1, ,t]

2
n
(©) |0, 3 (D) None of these
Answer
We have,
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Sx)=x""+sinx-1

S S (x)=100x" +cos x

In interval (0, 1), cosx >0 and 100x™ > 0.

S f(x)=0.

Thus, function fis strictly increasing in interval (0, 1).

In interval (gn: ].cos x <0 and 100x™ =0. Also. 100 5™ >cos x

~f'(x)>0in [gn ]
n
Thus, function fis strictly increasing in interval (E’ ﬂ!].

*
In interval ({l, g |,c+::sx =0 and 100x™ = 0.
r

S 100x™ 4 cosx =0

= ['(x)=0o0n [9, g]
~ fis strictly increasing in interval(U, g]

Hence, function fis strictly decreasing in none of the intervals.

The correct answer is D.

Question 14:

Find the least value of a such that the function f given f(x)=x"+ax+1is strictly
increasing on (1, 2).
Answer

We have,
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f(x)=x"+ar+1
S f(x)=2x+a
Now, function f will be increasing in (1, 2), iff'{x}:, 0in (1, 2).

7'(x)>0

>2x+a>0

= 2x > —-a

Therefore, we have to find the least value of a such that
=l
X = > when x (1, 2).

ﬁx};—a{whcnlixci]

Thus, the least value of a for f to be increasing on (1, 2) is given by,

L= a=-2
2

Hence, the required value of a is —2.

Question 15:
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Let I be any interval disjoint from (=1, 1). Prove that the function f given by

1. ' . .
f{x}:x+— is strictly increasing on I.
X

Answer
We have, |
X|=x4—
f{ } X
" 1
f [I}—l——‘
MNow,
f(x)=0=—F=1=x=1I

The points x = 1 and x = —1 divide the real line in three disjoint intervals i.e.,
(—o0,—1),(-1, 1), and (1, =)

Ininterval (-1, 1), it is observed that:
“l=x=l

2
= x <l

:,1<iﬂ x=0
&

:>1—L-::ﬂ, x=0
2

- f(x)=1-— <0 0n (-1, 1)~ {0}.

X

- fis strictly decreasing on {_], |} - {ﬂ}

In intervals (—=,—1) and (1, =), it is observed that:
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y=—-lorl<x

= x >1

= 1> Iﬁ
2
1

= l-—=10
2

.'.f’(x}:l—%:ﬁﬂ on (—-:c:,—l] and(l, ®).

~ fis strictly increasing on (0, 1)and(1, ).

Hence, function fis strictly increasing in interval I disjoint from (-1, 1).

Hence, the given result is proved.

Question 16:

Prove that the function f given by f(x) = log sin x is strictly increasing on ({J,—

strictly decreasing on (%,n}
Answer
We have,
f(x)=logsinx
1

"(x)= 08 X = cot.
f{r) Sin.rmu cotx

In interval (U, g].f’{x] =cotx =0,

T
~ fis strictly increasing in (U, 5]
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In interval (%, ?E], f'(x)=cotx<0.

n
~fis strictly decreasing in (E,Tc}

Question 17:
n
Prove that the function f given by f(x) = log cos x is strictly decreasing on ({}, EJ and

n
strictly increasing on (E ,rc}
Answer
We have,
f(x)=logcosx

1

s f(x) = msx{—nin x)=-tanx

. n
In interval (D, 5], tanx>0=—tanx <0,

S f'(x)<0on [ﬂ. E)
2
T

~fis strictly decreasing on (ﬂ, —].

2

. T
In interval (E n:], tanx < 0= —tanx >0,

“~ f'(x)>0o0n [g n]

www.tiwariacademy.com
Focus on free education



www.tiwariacademy.in
www.tiwariacademy.in
www.tiwariacademy.in

www.tiwariacademy.in

n
~f is strictly increasing on (5, ﬂ!].

Question 18:

Prove that the function given by f(x)=x"—3x"+3x—100 is increasing in R.
Answer

We have,
Sx)=x"=3x"+3x-100
S'(x)=3x"—6x+3
=3(x? —2x+1)
=3(x-1)

For any xeR, (x — 1)*> > 0.

Thus, f'(x) is always positive in R.
Hence, the given function (f) is increasing in R.

Question 19:

The interval in which y = x’¢ " is increasing is

(A) (—o0,0) (B) (=2, 0) (C) (2,) (D) (0, 2)
Answer

We have,

y=xe"
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dy

=2y T —xle  =xe" (2 -x)
el
Nuw.,ﬁ =10,
dx

= x=0andx=2
The points x = 0 and x = 2 divide the real line into three disjoint intervals
i.e., (-0, 0), (0, 2),and (2, =).

In intervals (o0, 0)and(2, =), /'(x) <0 as e “is always positive.

«fis decreasing on (-, 0)and (2, =).

Ininterval (0, 2), [f'(x)=>0.

~ fis strictly increasing on (0, 2).

Hence, fis strictly increasing in interval (0, 2).

The correct answer is D.
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