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(Chapter — 6) (Application of Derivatives)
(Class - XII)

Exercise 6.3

Question 1:
Find the slope of the tangent to the curve y = 3x* — 4x at x = 4.

Answer 1:
The given curve is y = 3x* — 4x.

Then, the slope of the tangent to the given curve at x = 4 is given by,

(—1‘—] =I2.\'“—4:| =I2(4)"—4=l2(64)—4=764
dx | ., =4
Question 2: -1

Find the slope of the tangent to the curve, V= o X% 2 at x = 10.

o

Answer 2:
_ _ o x—1
The given curveis V= 2
cdy _(x=2)(1)-(x-1)(1)
dx (x-2 :
x—=2-x+1 -1

(x-2) ) (x=2)

Thus, the slope of the tangent at x = 10 is given by,

z_h_} — . 2.
de o (x=2) | o (10-2)° 64

-1
Hence, the slope of the tangent at x = 10 is a
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Question 3:

Find the slope of the tangent to curve y = x> — x + 1 at the point whose x-coordinate is
2.

Answer 3:

The given curveis V=X —x+I
dy 3
So—=—=3x" -1

dx

. dy
The slope of the tangent to a curve at (xo, Yo) is —‘}
ax (s, )

It is given that xo = 2.

Hence, the slope of the tangent at the point where the x-coordinate is 2 is given by,

(1‘"‘ 3 2

= =3x"—1 =3(2) -1=12-1=11
d.\‘].-z ' ]‘:: 2)

Question 4:

Find the slope of the tangent to the curve y = x® — 3x + 2 at the point whose x-coordinate
is 3.

Answer 4:

The given curve is V=% —3x+2
_dy

y
S==3x" -3

" dx

) dy
The slope of the tangent to a curve at (Xo, Yo) is 7}
ax vy, )

Hence, the slope of the tangent at the point where the x-coordinate is 3 is given by,

dy 2 ) e )
E‘-J\_l =3" _3:|'J == 3(3) _3 =3 27_3 s 24
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Question 5:

T
Find the slope of the normal to the curve x = acos®0, y = asin30 at 0= 73

Answer 5:

It is given that x = acos®6 and y = asin?6.

dx ; S
e 3acos’ @(-sin@) =—3acos’ Gsin O
[&

Y sasin? 0(cos®)
¢

dy
dy [ d@) 3asin® Ocosd sin@
fid, WO Ll - Y
dx [ dx ) —3acos’ @sind cos®

do

Therefore, the slope of the tangent at H:—Z— is given by,

dy T
—| =-tanf] _»=-tan—=-1I
(1.\’ p=% 4 4

Hence, the slope of the normal at {9=§ is given by,

1 o=k

1

. n
slope of the tangent at ¢ = 1

Question 6:

Find the slope of the normal to the curve x =1 —asin8,y =bcos’8at =

(SR

Answer 6:

It is given that x = 1 — asin ® and y = b cos?6.
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2 o ncosdand DL=2b cos0(—sin0)=—-2bsinOcos O

do d
dy
dy do -2bhsinBcosB  2bH .
S—— = =—sinf
dx [ d\] —acos0 a
do

e
Therefore, the slope of the tangent at #= % is given by,

-~

=—sinb =—sin—=
a n 2 a

d)} 2b } 2b . m 2b
¢-- h—”

dx |, =

Hence, the slope of the normal at &= — is given by,

1 ~1 a

slope of the tangent at € = Z (

Question 7:

Find points at which the tangent to the curve y = x3 — 3x2 — 9x + 7 is parallel to the x-

axis.

Answer 7:
The equation of the given curve is V = =3x"=9x# T,
'.%=3x3 -6x-9
Now, the tangent is parallel to the x-axis if the slope of the tangent is zero.
530 —6x-9=0=x"-2x-3=0

=(x-3)(x+1)=0

= x=3orx=-1
Whenx =3,y=(3)-33)?-93)+7=27-27-27+7 = -20.
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Whenx =-1,y=(-1)*-3(-1)?-9(-1)+7=-1 -3+ 9+ 7 = 12. Hence,
the points at which the tangent is parallel to the x-axis are (3, —20) and (-1,
12).

Question 8:
Find a point on the curve y = (x — 2)? at which the tangent is parallel to the chord joining
the points (2, 0) and (4, 4).

Answer 8:
If a tangent is parallel to the chord joining the points (2, 0) and (4, 4), then the slope of

the tangent = the slope of the chord.
4-0 L i _5
4-2 2

The slope of the chord is

Now, the slope of the tangent to the given curve at a point (X, y) is given by,

D _5(x-2)
dx

Since the slope of the tangent = slope of the chord, we have:
2(.\' -2)=2

=>x-2=1=x=3
When x =3, '1':(3 ~72): =1.

Hence, the required point is (3, 1).

Question 9:

Find the point on the curve y = x® — 11x + 5 at which the tangentisy = x — 11.

Answer 9:
The equation of the given curve isy = x3 — 11x + 5.

The equation of the tangent to the given curve is given as y = x — 11 (which is of the
formy = mx + ¢).

~ Slope of the tangent = 1

5
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Now, the slope of the tangent to the given curve at the point (x, y) is given by,
% =3x" -11
Then, we have:
3x*-11=1
=3x’ =12
=x'=4

= x=%2

When x

2,y=(12)¥-11(2)+5=8-22+5=-9.
When x = -2,y =(-2)3-11(-2)+5=-8+ 22+ 5= 19.
Hence, the required points are (2, —9) and (-2, 19).

Question 10:
Find the equation of all lines having slope —1 that are tangents to the curve
1

y=——,x=l
x—1

Answer 10:

1
The equation of the given curveis y= L x#1
X—

The slope of the tangents to the given curve at any point (X, y) is given by,
dy -1
dx  (x-1)

If the slope of the tangent is —1, then we have:

=(x-1) =1
=x-1==I
= x=25.0

Whenx =0,y = -1 andwhenx =2,y = 1.
Thus, there are two tangents to the given curve having slope —1. These are passing

through the points (0, —1) and (2, 1).
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~The equation of the tangent through (0, —1) is given by,
y=(-1)=-1(x-0)

> y+l=—x

=>y+x+1=0

~ The equation of the tangent through (2, 1) is given by,
y—1=-1(x-2)

sy—-1=-x+2

>y+x-3=0

Hence, the equations of the required linesarey + x+ 1 =0andy + x — 3 = 0.

Question 11:
Find the equation of all lines having slope 2 which are tangents to the curve.

y= x#3

1
x-3’

Answer 11: i
The equation of the given curveis V= "7, ¥ #3

The slope of the tangent to the given curve at any point (X, y) is given by,
dy  ~Il
dx (x-3)

—~

If the slope of the tangent is 2, then we have:

This is not possible since the L.H.S. is positive while the R.H.S. is negative.

Hence, there is no tangent to the given curve having slope 2.
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Question 12:
Find the equations of all lines having slope 0 which are tangent to the curve

1
) it Yy
X" =2x+3

Answer 12: 1

The equation of the given curveis V=-—5——"-
X —=2x+3

The slope of the tangent to the given curve at any point (X, y) is given by,

i el . 2 T)

(;r: —2.\'+3)

dx (\ —2x+3)

= >

If the slope of the tangent is 0, then we have:

_2(x-1)
(».\‘3 —2x+ 3)_

=-2(x-1)=0

=>x=1

1 1
Whenx =1, V= =—.
1-2+3 2

- The equation of the tangent through (l. E] is given by,

o | —

Hence, the equation of the required lineis y=

Question 13: 3 5
Xy .
Find points on the curve  —+ ié =1 at which the tangents are

(i) parallel to x-axis (ii) parallel to y-axis
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Answer 13: N S
The equation of the given curve is 9 + 16 =1

On differentiating both sides with respect to x, we have:

9 16 dv
dy  —16x
dx Oy
o W
(i).The tangent is parallel to the x-axis if the slope of the tangent ¥ is 0

which is possible if x = 0.

forx =0
Then, =L =
9 16

=)' =16=>y=14

Hence, the points at which the tangents are parallel to the x-axis are (0, 4) and (0, —
4).

(ii). The tangent is parallel to the y-axis if the slope of the normal is 0, which

ives ———=—2=0 sy-=
’ Z16x)  16x Y
\ 9.1‘
Then ~:-+’-1i“|
! 9 16
x=1%3 fory = 0.

Hence, the points at which the tangents are parallel to the y-axis are (3, 0) and (- 3,
0).
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Question 14:

Find the equations of the tangent and normal to the given curves at the indicated
points:

(i) y =x*—6x3+ 13x2 - 10x + 5at (0, 5)
(i) y=x*—6x3+ 13x2—-10x + 5at (1, 3)
(iii) y=x3at(1, 1)

(iv) y=x%at(0,0)

(v) X =cost,y=sintat t=§

Answer 14:

(i) The equation of the curve isy = x* — 6x3 + 13x%> — 10x + 5.

On differentiating with respect to x, we get:

B 4 185 +26x-10
dx

,‘Q} —-10

‘j'\- (0, 5)

Thus, the slope of the tangent at (0, 5) is —10. The equation of the tangent is given as:
y—-—5=-10(x — 0)
>y—-5=-10x

>10x+y =5 1 ;

Slope of the tangent at (0, 5) 10

The slope of the normal at (0, 5) is

Therefore, the equation of the normal at (0, 5) is given as:

|
)—5=—(x—0
* T

= 10y-50=x
= x=10y+50=0

(ii) The equation of the curve isy = x* — 6x3 + 13x> — 10x + 5.

On differentiating with respect to x, we get:
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dy 5
D 4y’ —18x* +26x-10
dx
dy
—;—} =4-18+26-10=2
dx | 5
Thus, the slope of the tangent at (1, 3) is 2. The equation of the tangent is given as:
y-3=2(x-1)
= y-3=2x-2
= y=2x+1

’ -1 -1

The slope of the normal at (1, 3) is . ==
P (1.3) Slope of the tangent at (1,3) 2

Therefore, the equation of the normal at (1, 3) is given as:

_1'—3=—%(.r—l)

=>2y—-6=—x+1
=>x4+2y-7=0

(iii) The equation of the curve is y = x3.
On differentiating with respect to x, we get:
(j_“

dx

ﬂ} =3(1)' =3
(L 1)

dx

=3x

Thus, the slope of the tangent at (1, 1) is 3 and the equation of the tangent is given as:
y=1=3(x-1)

=>y=3x-2 | |
The slope of the normal at (1, 1) is

Slope of the tangent at (1, 1) 3

Therefore, the equation of the normal at (1, 1) is given as:

y-1 =?(,\'—l)

=3y-3=—x+1
=>x+3y-4=0
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(iv)The equation of the curve is y = x2.

On differentiating with respect to x, we get:
d\‘

_‘_=2'r

Thus, the slope of the tangent at (0, 0) is 0 and the equation of the tangent is given as:
y—-0=0(x-0)
>y=0

The slope of the normal at (0, 0) is = _l ,

Slope of the tangent at (0, 0) 0

which is not defined.

Therefore, the equation of the normal at (xo, Yo) = (0, 0) is given by

xi=as =0

(v) The equation of the curve is x = cos t, y = sin t.
x=cost and y =sinf

: . ,ody
So—==Sint, —=—=cost
dt dt

dy )
dy | dt J cost
=t = =—cot!/

dx [dr) ~sint
dt

dy
— =—cott=-1
dx | =

The slope of the tangent at f:%
When ft=—, x= l and y = !
42 V2
is —1.
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) R ]
Thus, the equation of the tangent to the given curve at = Z 1.e,at H$
is &

53]

|
= X+) _ﬁ_ﬁ

:>.r+y—\/§=(')

-1
The slope of the normal at t=E is =1

n
Slope of the tangent at 7 = "

at is

()

==y

Question 15:

Find the equation of the tangent line to the curve y = x?> — 2x + 7 which is
(a)parallel to the line2x —y+9=0

(b)perpendicular to the line 5y — 15x = 13.

Answer 15:

The equation of the given curveis V=X -2x+7
On differentiating with respect to x, we get:

i =2x-2
dx
(a) The equation of the lineis 2x —y + 9 = 0.
2X—y+9=0. y=2x+9
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This is of the formy = mx + c.

= Slope of the line = 2

If a tangent is parallel to the line 2x — y + 9 = 0, then the slope of the tangent is equal
to the slope of the line.

Therefore, we have:

2=2x—-2

=>2x=4

= x=2

Now, x = 2 y=4
-4+7=7

Thus, the equation of the tangent passing through (2, 7) is given by,

y=-7=2(x-2)

= p=2x-3=0

Hence, the equation of the tangent line to the given curve (which is parallel to line 2x —

y+9=0)isV " 2x3=0

(b) The equation of the line is 5y — 15x = 13.

13
5y — 15x = 13 =« ,v=3x+?
This is of the formy = mx + c.
-~ Slope of the line = 3

If a tangent is perpendicular to the line 5y — 15x = 13, then the slope of the tangent is

1 -] -1

=—, = 2x—-2=—
slope of the line 3 3
:2\--—11-2
3
5
= 2x=—
3
5
= x==
6
Now,x =—
2510 . 25-60+252 217
36 6 36 36
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217

-

5
Thus, the equation of the tangent passing through ( A ] is given by,

: 6 36
217 l( 5
) el b
36 3 6

36y—-217 -1
2> =

=—{(6x-5

36 1883

=5 36y-217=-2(6x-5)
=36y-217=-12x+10

=36y+12x-227=0
Hence, the equation of the tangent line to the given curve (which is perpendicular to line
5y = 15x = 13)is 36y +12x-227=0

Question 16:
Show that the tangents to the curve y = 7x3 + 11 at the points where x = 2 and x = -2

are parallel.

Answer 16:

The equation of the given curve isy = 7x3 + 11.

1y 5
.i =21x
dx
dy
The slope of the tangent to a curve at (Xo, Yo) is T}
X vy, 1)

Therefore, the slope of the tangent at the point where x = 2 is given by,

"—‘} =21(2)’ =84
V7§ P '

It is observed that the slopes of the tangents at the points where x = 2 and x = -2 are
equal.

Hence, the two tangents are parallel.

Question 17:
Find the points on the curve y = x3 at which the slope of the tangent is equal to the y-

coordinate of the point.
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Answer 17:

The equation of the given curve isy = x3.

1y 5
A
dx
The slope of the tangent at the point (X, y) is given by,
ay = 3x?
dx |,

When the slope of the tangent is equal to the y-coordinate of the point, then y = 3x2.

Also, we have y = x3.

-‘-3X2=X3
. x> (x=3)=0
~ Xx=0,x=3

When x = 0, then y = 0 and when x = 3, then y = 3(3)? = 27.
Hence, the required points are (0, 0) and (3, 27).

Question 18:
For the curve y = 4x3 — 2x>, find all the points at which the tangents passes through the

origin.

Answer 18:
The equation of the given curve is y = 4x3 — 2x°.

1y 5
125 —10x
dx

Therefore, the slope of the tangent at a point (X, y) is 12x2 — 10x*.
The equation of the tangent at (x, y) is given by,

Y —y=(12x"-10x")(X - x) (1)

When the tangent passes through the origin (0, 0), then X =Y = 0.

Therefore, equation (1) reduces to:

16
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—y=(12x* =10x")(-x)
y=12x'-10x°

Also, we have V=4x"—2x".
S 12x% =10x° =4x° - 2x°
=8x" -8x' =0

=>x-x'=0

=>x (.\'3 — ]) =0

= X=Xl

When x

0,y = 4(0) -2(0) =0.
Whenx =1,y =4 (1)3-2 (1)°> = 2.

When x = -1,y = 4 (-1)° - 2 (-1)* = -2.
Hence, the required points are (0, 0), (1, 2), and (-1, —2).

Question 19:
Find the points on the curve x> + y>2 — 2x — 3 = 0 at which the tangents are parallel to

the x-axis.

Answer 19:
The equation of the given curve is x> + y2 — 2x — 3 = 0.

On differentiating with respect to x, we have:
dy ,
x+2y 220
dx
d_l'

S y—=Il-x
dx

dy 1-x
dc y

Now, the tangents are parallel to the x-axis if the slope of the tangent is 0.
l1-x

S—=0=31-x=0=>x=1
W
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But, x>+ y2 - 2x — 3 =0forx = 1.
y2=4 = y=42

Hence, the points at which the tangents are parallel to the x-axis are (1, 2) and (1, —2).

Question 20:

Find the equation of the normal at the point (am?, am?3) for the curve ay? = x3.

Answer 20:
The equation of the given curve is ay? = x3.

On differentiating with respect to x, we have:

2015]l =3x"
dx

dy 3x°
:> —— T c—

dx  2ay d

y
The slope of a tangent to the curve at (xo, Yo) is 7}
ax (¥ 20 )

The slope of the tangent to the given curve

dy . 3(”’"2)_ J 3a’m' _3m
‘i\‘ (.m;: l.'-'".] 2 ‘

2(1(0!)7;) 2a°m’

. Slope of normal at (am?, am3)
=1 L

slope of the tangent at ((mf, um’") 3m

2

Hence, the equation of the normal at (am?, am?3) is given by,

y —am’ = 3‘7‘3(_‘,_0”’:)

.
= 3my — 3am® = 2x+2am’

= 2x+ 3my —am” (2 +3m” ) =0
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Question 21:

Find the equation of the normals to the curve y = x> + 2x + 6 which are parallel to the
linex + 14y + 4 = 0.

Answer 21:
The equation of the given curve isy = x3 + 2x + 6.

The slope of the tangent to the given curve at any point (X, y) is given by,
dy
dx

3x7+2

- Slope of the normal to the given curve at any point (X, y)
_ -1

N Slope of the tangent at the point (x, y)

., =l

3xt 42

The equation of the given lineis x + 14y + 4 = 0.

X+ 14y + 4 = 0 . (which is of the formy = mx + ¢)

=~ Slope of the given line =

If the normal is parallel to the line, then we must have the slope of the normal being
equal to the slope of the line.

=] _.__]

3x*+2 14
=3’ +2=14
=>3x =12
=x'=4

= x=12

Whenx =2,y=8+4+ 6 = 18.
Whenx = -2, y=-8—-4+6 = —6.
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Therefore, there are two normals to the given curve with slope and passing

through the points (2, 18) and (-2, —6).

Thus, the equation of the normal through (2, 18) is given by,
o

.1‘—l8=l—(.\'—2)

4
=14y-252=-x+2
=x+14y-254=0
And, the equation of the normal through (-2, —6) is given by,

y=(-6)==[x~(-2)]

= y+6=—(x+2)
14
= 14y+84=—-x-2
= x+14y+86=0
Hence, the equations of the normals to the given curve (which are parallel to the given
line) are x+14y—-254=0and x+14y+86=0.

Question 22:
Find the equations of the tangent and normal to the parabola y? = 4ax at the point (at?,

2at).

Answer 22:
The equation of the given parabola is y? = 4ax.

On differentiating y?> = 4ax with respect to x, we have:

dv
2y—=4a
dx
dy 2a
de vy
2 5 i (j_V 2a |
~ The slope of the tangent at (U’ s -U’) is — ===
dx |, 2a) 2at

Then, the equation of the tangent at (ul"‘. 2(:1) is given by

ST<
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| 3
— 2at = ~(x-afr’
y — 2a ’(\' at)

= ty—2at’ = x—at’

= ty= x+at’

Now, the slope of the normal at (af’, 2ar)
-1

— ==
Slope of the tangent at (ar’,2at )

Thus, the equation of the normal at (at?, 2at) is given as:
y=-2at= —r(.\' - at:)
= y-2at =—tx+at’

= y=—tx+2at+at’

Question 23:
Prove that the curves x = y? and xy = k cut at right angles if 8k? = 1. [Hint: Two curves
intersect at right angle if the tangents to the curves at the point of intersection are

perpendicular to each other.]

Answer 23:
The equations of the given curves are given as X =y~ and xy =k.
Putting x = y? in xy = k, we get:

1

Y=k=>y=£k3

o

k=3 3 57
Thus, the point of intersection of the given curves is | k°, I\"]
Differentiating x = y? with respect to x, we have:

dy dv 1
l =2 \';‘ _— —1 —

e ik ; 3 %
Therefore, the slope of the tangent to the curve x = y?at (k“‘ I\"]

-
dx {Aik;‘ |’
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On differentiating xy = k with respect to x, we have:
dy y  ~y
xe‘—+y=0:~‘—"—=—"~

dx dx X z. o
~ Slope of the tangent to the curve xy = k at [k“ A«‘] is given by,
dy _‘_-»“1 __ k-
dx {‘\ X ‘*i.a:‘ : I

We know that two curves intersect at right angles if the tangents to the curves at the

2 |
point of intersection i.e., at (k‘. k»‘] are perpendicular to each other.

This implies that we should have the product of the tangents as — 1.
Thus, the given two curves cut at right angles if the product of the slopes of their

2 |
respective tangents at (k". k‘] is —1.

i |-

65| — ===
23 \ k3

:2k;=l

:(21;]]:(!)‘

= 8k% =1

Hence, the given two curves cut at right angels if 8k? = 1.

Question 24: 2 5
Find the equations of the tangent and normal to the hyperbola Ei ~=1 atthe

point ("‘0* VM )
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Answer 24:

Differentiati 5Dy
erentiating &2 IR
2 2y
a b dx
2y dy 2x
B dx o
dy b x
dx  a'y

dy _ by,
Therefore, the slope of the tangent at (X, Vo) is oo =—
d (% s) ay,

Then, the equation of the tangent at (.\'(,, _v(,)

_ bx, )
V=Y, = 7, (x=x,)

g O (N 2.2
=ay,-ay, = b XXy = b Xy

= b’xx, —a’yw, -b’x; +a’yl =0

=T W _| X N |_g [On dividing both sides by a5’ |
a b a® b*
o o 2. 2
= 'nf' - —‘3'—’ -1=0 (x,,,) lies on the hyperbola L, - 't, =]
a” b- a’ h?
x"l .}‘:‘"I'J l
at b

Now, the slope of the normal at (.\],. _lv’(.)s given by,

2
-1 _=a'y,

Slope of the tangent at (x,, ;) - b’x,

Hence, the equation of the normal a1(.\'(,. _v(,)is given by,
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-a@’y, .
Y=Y = hix (-‘ _-‘n)
X,
Y=Yo _ ——(x~.\'(,)
a-.l'(l b:x()

Y=W + ("' = ‘\.0) -0

3

ay, b x,

Question 25:
Find the equation of the tangent to the curve y=+3x—-2 which is parallel to the line

4x — 2y + 5 =0.

Answer 25:
The equation of the given curve is vy =+3x-2.

The slope of the tangent to the given curve at any point (X, y) is given by,
dy 3

dc 2\3x-2

The equation of the given line is 4x — 2y + 5 = 0.

4x — 2y +5=0 = y=2x+ (which is of the form y = mx + ¢)

|

=~ Slope of the line = 2

Now, the tangent to the given curve is parallel to the line 4x — 2y — 5 = 0 if the slope
of the tangent is equal to the slope of the line.
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,, T %
Whenx:ﬂ.y= [—]—__\/__7 \/'“ 32 2=i_
48 16 4

3
Equation of tangent at point (% Z) is given by

4y-3 (48.\‘—4IJ
= — =2
4 48

24}'—3:.48"‘—-41

=24y —18=48x—4]
= 48x—24y =23

Hence, the equation of the required tangentis 48x—24y =23

Question 26:

The slope of the normal to the curvey = 2x> + 3sinxatx = 0 is

(A) 3 (B)

_l
(©) -3 (D) 3
Answer 26:

The equation of the given curve is V' =2x" +3sinx
Slope of the tangent to the given curve at x = 0 is given by,

dy
= | =4x+3cosx]  =0+3cos0=3
dx | ., X

Hence, the slope of the normal to the given curveat x =0 is
-1 -1

Slope of the tangent atx =0 3

The correct answer is D.
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Question 27:

The liney = x + 1 is a tangent to the curve y? = 4x at the point
(A) (1, 2) (B) (2, 1)

(©) (1, =2) (D) (=1, 2)

Answer 27:

The equation of the given curve is _1': =4x

Differentiating with respect to x, we have:

dx dx y

Therefore, the slope of the tangent to the given curve at any point (X, y) is given by,

dy 2

ay

The given line is y = x + 1 (which is of the formy = mx + ¢)

~ Slope of the line =1

The liney = x + 1 is a tangent to the given curve if the slope of the line is equal to the
slope of the tangent. Also, the line must intersect the curve.

Thus, we must have:

=>y=2
Now,y=x+l=x=y-1=>x=2-1=1
Hence, the liney = x + 1 is a tangent to the given curve at the point (1, 2).

The correct answer is A.
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