Mathematics

www.tiwariacademy.comy

(Chapter 9)(Differential Equations)

XII
Exercise 9.4

Question 1:
dy l-cosx

dv  1+cosx

Answer

The given differential equation is:
dy _1—cosx

dx l+cosx

. 2 X
2sin”
(.h' 2 » X
i “ = tan”
) X 2
X 2cos?
2
dy 2 X
= —=| sec’—~—1
dx 2
Separating the variables,we get:
N\
x
dy = [scc’ ==1 de

Now, integrating both sides of this equation, we get:
2 X 2 X
.fdfv = J‘[scc‘ - I]dx = Isec‘ —dx— _[dx
2 2

X 3
=> )= Ztan;—x+(

This is the required general solution of the given differential equation.

Question 2:

%’Ez\fét—y: (-2<y<2)
ax

Answer

The given differential equation is:
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ﬂ-— J4_ y:

dx
Separating the variables, we get:

= @ =dx

NE

Now, integrating both sides of this equation, we get:

dy
— = Idx
\/4—_;-"
P | \' -~
=> sin ; =x+C

z'—;}:sin(.HC)

= y=2sin(x+C)

This is the required general solution of the given differential equation.

Question 3:

Answer
The given differential equation is:

dy
—+y=]
dx
= dy+ydx=dx
=dyv=(1-y)dx
Separating the variables, we get:
dy
= ——=dx
—y

Now, integrating both sides, we get:
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l—‘i%= dx
= log(l1-y)=x+logC
= ~logC-log(l-y)=x
= logC(1-y)=—x
=C(l-y)=e"

%

1
=>l-y=—e
C

U=
= y=l-—e
C

. ]
= y=1+Ade " (where 4 =-E)

This is the required general solution of the given differential equation.

Question 4:

sec” xtan ydx +sec’ ytanxdy =0
Answer
The given differential equation is:
sec” xtan ydx +sec’ ytanxdy =0

sec’ xtan ydx +sec” ytanxdy _

0

tanxtany

sec’x , sec’y
dx+
tan x tan y

dy =0

sec’ x sec” y
dx =~ -
tanx tan y

dy

Integrating both sides of this equation, we get:

2
sec™ y

2
J‘S&C X

d.\'=-j dy «{i1)

tan x tany -~
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Let tanx =1.
d
(tanx)=
dx dx
3 dt
=sec  x=—
dx

= sec” xdx =dt

sec” x 1
Now, I dx = I— dt.
tan x f

= logt
= log(tan x)

- sec’ x -
Similarly, I ——dy =log(tan y).
tan x

Substituting these values in equation (1), we get:

log(tanx)=—log(tan y)+logC

C
= log(tanx)=lo
&l ) g[ tan \]

= tanx=
tan y

=tanxtan y=C

This is the required general solution of the given differential equation.

Question 5:

(e‘ +e ‘)d_;f—(e' =g ')d.\'=(,)
Answer

The given differential equation is:

(e" +e™" )afv - (e" -e" )dx =0

:>(e' +e ")d_v =(}e' 5 ')dx

X -X
e —e
=dy=|- — |dx
e +e”

Integrating both sides of this equation, we get:
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J.qﬁ' = J‘I:e" - e:" }lr +C
e +e

=y= J{" - ]d\-+C (1)
e +e

Let (ex+e™) =t.

Differentiating both sides with respect to x, we get:

d pos wEe vt
s (() + e ) = e—
dx dx

.y dt
=e - =—
dt

= (0' —e" )d\‘ =dt

Substituting this value in equation (1), we get:
1

y= |-di+C

=

= y=log(r)+C

= y= log(e" +e"')+(_‘

This is the required general solution of the given differential equation.

Question 6:

dy 5 .
‘T:\_z(l+x‘)(l+y‘)

Answer

The given differential equation is:
$=(I+x")(l+_v:)

dx

ly 2
I:y: =(I+.\' )d.\'

Integrating both sides of this equation, we get:
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I s = I(l+.\'2)zir

1+ y°

=tan"'y= Idx + I.\':dx
3

-1 X 3
=tan  y= x+?+(.

This is the required general solution of the given differential equation.

Question 7:
viogyvdy—xdv=0
Answer
The given differential equation is:
viogvdy—xdy =0
= vlog ydx =xdy
dy  dx
vlogy T x

Integrating both sides, we get:

J- dy  _ dx (1)

viogy X

Let logy =t.

d dt
So—(log y)=—
d)‘( ey) dy
La
v dv
= ldy =dt

v

Substituting this value in equation (1), we get:
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di c_/_\:

1 X
= logtr =logx+logC
= log(log y) =logCx
= logy=Cx
= =g
This is the required general solution of the given differential equation.

Question 8:
s dy 5
X ——==y
dx
Answer
The given differential equation is:

Ix dy
2 +il =0
b S X
Integrating both sides, we get:

d—} + d—t =k (where k is any constant)
X V
=% J‘.\‘Adx + J‘)v"(d_\' =k
4 R
=% Y ¢
-4 -4
=Sx+yt =4k
=x +y*=C (C =—-4k)

This is the required general solution of the given differential equation.
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Question 9:

dy .
—=sin"" X
dx

Answer

The given differential equation is:

I =sin"' x

= dy =sin"' x dx

Integrating both sides, we get:
Id_v= .[sin" xdx

=y = [(sin" x-1)dx
= y=sin"x- [(1)dx- I[(%(sin" x)- j(l)d.\-]]dr
= y=sin '.\'-.\'—J‘(ﬁ-,\']dx

= y=xsin x+.[\/%dx (1)

Let 1-x° =1
o A )
dx dx
= —2x = ﬂ
dx
|

= xdy=——dl
)

P

Substituting this value in equation (1), we get:
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|
y=xsin”' x+ |—=dt
y J'N;

1 |
y — Yot -1 ¥y 2
= p=xsin xto I(t) dt

¥is3 I ¢
= y=xsin" x+—-—+C
e 2 l
2
= y=xsin" x+t+C
= y=axsin' x+1-x* +C

This is the required general solution of the given differential equation.

Question 10:
e tan ydx+(1-¢" )sec’ ydy =0
Answer
The given differential equation is:
e tan ydx +(1-e¢" )sec’ ydy =0
( I-e* )sec: ydy=—e" tan ydx
Separating the variables, we get:
sec” y .

dy = dx

tany = l-e¢'

Integrating both sides, we get:

(2 g [ ()

tany ~ 1-e'
Let tan y =u.
¢ du
=—(tany)=—
dy d
2 du
=>sec’ y=—
dy
= sec” ydy = du
sec’ y du
I —dy = J'—~ =logu =log(tan y)
tan y u

>[5 <
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Now, let 1 —¢" =1.

.'.i(l—e')—ﬂ

dx dx
dt
= =—
dx
= —e'dx=dt

= L—_e(; dx = r’ﬁ:loglzlog(l—e‘)

sec” y -e'
Substituting the values of I ~dy and I—‘d\

tan y l-¢
= log(tan y)= Iog(l ~e')+logC
= log(tan y) = log[C(I —e" ):|

:>lan_v=C(|-e“)

This is the required general solution of the given differential equation.

Question 11:

(.\" +x° +.\'+])—d'l =2x"+x:v=1whenx=0
dx

Answer
The given differential equation is:

dy

(.\"‘ +x° +.\‘+l)— =2x"+x
dx
dy 2x° +x
:> —_—= 1’—
dx (x‘ +x° +x+l)
2X +x
Dt A

(.x'+l)(.\':+l)

Integrating both sides, we get:
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2% +x
= |l (1
j'"‘ J.(.\"*‘I)(,\':‘FI) X ( )
2x" +x A  Bx+C
Le = — (2
@ (x+1)(x7+1) 241 (2)

N 2x% +x _ AX’ + A+(Bx+C)(x+1)
(x+ I)(.\': +I) (,\’+I)(,\'1 +1)

=2’ +x=Ax" + A+ Bx’ + Bx+Cx+C
=2 +x=(A4+B)x* +(B+C)x+(4+C)

Comparing the coefficients of x? and x, we get:

A+B=2
B+C=1
A+C=0

Solving these equations, we get:

R
J

y,B==and C=—
2 2

Substituting the values of A, B, and C in equation (2), we get:

| 1 (3x-1)

2x% +x csd i
(x+1)(x%+1) T2 (x+1) 2 (x%+1)

Therefore, equation (1) becomes:

> T <
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_“dy= l I : dx + : IJ'}.—ldx

2:2%+1 2%+

1 3 1 1
:>y=—log(x+|)+ ——dx

2 X+l 29X+

1 2x P X
=5y I(»u(\'+l)+ I ———dx——tan" x+(

2 4 ez +1 2
:1=%| (r+l)+zlog(v +I) %um"'xﬂ"

l[ 102(\'+l)+310g(r +l)]—;tun".\'+C

%[(\H) (% +1) ]—%tan"x+(‘ «(3)

Now. y=1 whenx =0,

| |
=1=—log(l)-—tan' 0+C
4 e(1) 2

:>I=lx()-—lx0+(‘
4 2
=5 C.=1
Substituting C = 1 in equation (3), we get:
| ) \2 2 3 1 -1 .
}'=Z[log(.\+l) (x +l) ]-—;tan x+1

Question 12:
\(}\ -I)d‘ =1, y=0 when x=2
v
Answer
dy
x(x -1
( )d\
=dy= a"x
x(x‘ —I)
1
=>dy=———dx

x(x=1)(x+1)
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Integrating both sides, we get:
I
fy= I (1
Ja I.\'(.\‘—I)(.\'H)u )
Let ' st g L -(2)

x(x—=1)(x+1) ;+.\'—l +.\'+I'
I _A(x=1)(x+1)+ Bx(x+1)+Cx(x~1)
x(x=1)(x+1) x(x=1)(x+1)
(A+B+C)x* +(B-C)x—4

x(x=1)(x+1)

=

Comparing the coefficients of x?, x, and constant, we get:
A=-1

B-C=0

A+B+C=0

Solving these equations, we get

Substituting the values of A, B, and C in equation (2), we get:

| —]+ | N 1
x(x=1)(x+1) x  2(x-1) 2(x+1)

Therefore, equation (1) becomes:
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1 1 1 1 1
J‘a{v = —J.‘.d\ + 5 J..\’— ld\’+ 5 I.\‘-l— ld.\
= y=-logx+ % log(x—1)+ % log(x+1)+logk
N ) &
2 X’

Now, y=0 whenx=2.

NEET

4

4
3k
=>—=|
4
=3k*=4
N

Substituting the value of k? in equation (3), we get:

[4(x—1)(x+1
_r=llog —(r )f” )
2 | 3x°

[4(x* -1
v=llog i : )]
T2 3x°
Question 13:

dx

cos[iv] = a(a € R);y =] whenx=0

Answer
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cos| — |=
dx

dy -1
= —=C0S a
dx

= dy=cos” adx

Integrating both sides, we get:
J.dy =cos ' a I dx
= y=cos a-x+C

= y=xcos  a+C (1)

Now, y =1 when x = 0.
=1=0-cos"' a+C
=>C=1
Substituting C = 1 in equation (1), we get:
y=xcos " a+l
y—1

= =c0s ' a
b o

[.‘!_I)
=>cos| — |=a
X

Question 14:
dy
—=ytanx;y=I1whenx=0
dx
Answer
dy
—=ytanx
dx

dy
= —=tanxdx
y

Integrating both sides, we get:
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dy

— =— |tan x dx
=)

= log y = log(secx)+log C
= log y = log(Csecx)

= y=Csecx (1)

Now, y =1 when x = 0.

= 1=Cxsecl

= 1=Cxl

= =1

Substituting C = 1 in equation (1), we get:

y = sec x

Question 15:
Find the equation of a curve passing through the point (0, 0) and whose differential

"= X a
equation is? ~¢ SINY

Answer
The differential equation of the curve is:
y'=e'sinx

= 4y =e'sinx

X

= dy=¢"sinx
Integrating both sides, we get:

Idy= Ie‘sin.\‘d.\' (1)

Let/ = Je‘ sin x dx.

= [ =sinx je‘dx— J.(i(sin x)- e‘d_\']d\'

dx
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= [ =sinx-¢" — Icos.\‘-c"d.\'
. . . d §
= [ =sinx-e" —|cosx- Je‘a’x— f{—(cos.\')' e d.\']d.\:
dx
= I =sinx-e" —[cos x-ef— J.(—sinx)-e‘a’x:'
= [=¢"'sinx—¢" cosx—7
=2/ =e¢"(sinx—cosx)

e’ (sinx—cosx)
2

=1=

Substituting this value in equation (1), we get:

e e"(sinx—cosx) i 2)

2

Now, the curve passes through point (0, 0).

e’ (sin0-cos0)
+C

2

101

=0= ( )+C
2

=C =l

2

=]

Substituting ~C= 5 in equation (2), we get:

e'(sinx—cosx) 1
2 2

=2y =e'(sinx—cosx)+1

y=

=2y-l=¢"(sinx—cosx)

i i _2y-l=e"(sinx—cosx).
Hence, the required equation of the curve is , ¥ ( cosx)
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Question 16:
.\'_vﬂ =(x+2)(y+2),
For the differential equation dx find the solution curve passing
through the point (1, -1).
Answer
The differential equation of the given curve is:
dy

xy—=—=(x+2)(y+2)
dx

) 2
:(4L}m=(ﬁﬁqm
y+2)° X

2 2
:(F_“_}a:p+m}h
y+2 X

Integrating both sides, we get:

2 2
J-[l— ]d\'=[[l+—-)d.\'
y+2)° . X

= Id_r—Z }'_+2d_r = Icl\'+2j%¢/x

= y-2log(y+2)=x+2logx+C

= y—x-C=logx’+ log(y+ 2):

"

= y-x-C= Iog|:.\‘ ()‘+2):} (1)
Now, the curve passes through point (1, -1).

= -1-1-C= log{(l)z(—l+2) }

=>-2-C=logl=0
=C=-2
Substituting C = -2 in equation (1), we get:

y-v+2=log[ (v +2)]

This is the required solution of the given curve.
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Question 17:

Find the equation of a curve passing through the point (0, —-2) given that at any point
(x,»)

is equal to the x-coordinate of the point.

on the curve, the product of the slope of its tangent and y-coordinate of the point

Answer

Let x and y be the x-coordinate and y-coordinate of the curve respectively.
We know that the slope of a tangent to the curve in the coordinate axis is given by the

relation,

dy

dx

According to the given information, we get:

= ydy =xdx

Integrating both sides, we get:

I_y dy = J,\‘ dx

(=}
(%)

V X

= —=—+C
2 2
=y’ —x*=2C (1)

Now, the curve passes through point (0, -2).
~(-2)?2-0%2=2C

=>2C=4

Substituting 2C = 4 in equation (1), we get:
yz -x2=4

This is the required equation of the curve.

Question 18:

At any point (x, y) of a curve, the slope of the tangent is twice the slope of the line
segment joining the point of contact to the point (-4, -3). Find the equation of the curve
given that it passes through (-2, 1).

Answer

It is given that (x, y) is the point of contact of the curve and its tangent.

www.tiwariacademy.com
Free web support in Education



http://www.tiwariacademy.com/
http://www.tiwariacademy.com/

Mathematics

www.tiwariacademy.comy

(Chapter 9)(Differential Equations)
XI1I

y+3

The slope (m;) of the line segment joining (x, y) and (-4, -3) is x+4

We know that the slope of the tangent to the curve is given by the relation,

1y
. Slope (m, ) of the tangent = =
) e

According to the given information:
m, =2m,

d_\-‘ e 2(_\’+3)
dr x+4
dy  2dx
y+3 Cx+4

Integrating both sides, we get:

j‘ dy =2J‘ dx

y+3 x+4

= log(y+3)=2log(x+4)+logC

=> log(_\'+3)log(7(.\‘+4):

= y+3=C(x+4) (1)
This is the general equation of the curve.
It is given that it passes through point (-2, 1).
=1+3=C(-2+4)
= 4=4C
=C=1

Substituting C = 1 in equation (1), we get:
y + 3 =(x+4)?

This is the required equation of the curve.
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Question 19:
The volume of spherical balloon being inflated changes at a constant rate. If initially its

radius is 3 units and after 3 seconds it is 6 units. Find the radius of balloon after t seconds.

Answer
Let the rate of change of the volume of the balloon be k (where k is a constant).

d_,
dt
= - ( 3 mz] o [Volumc of sphere = ém-"}
dr\ 3 :
:>:‘7t-31 “(*,,*=/‘
3 dt

= 4’ dr =k dt
Integrating both sides, we get:
4 [rdr = k [dr

:>47t-%=kr+C

= 4nr’ =3(kt+C) (1)
Now, atr=0, r=3:
=4nx 33=3(kx 0+ C)

= 108n = 3C
= C = 36n
Att=3,r=6:

=24nx63=3(kx 3+ 0C)

= 864n = 3 (3k + 36n)

= 3k = -288n - 36n = 252n

= k = 84n

Substituting the values of k and C in equation (1), we get:

> <
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4nr’ =3[84nr +36m)
= 4nr’ =4n (631 +27)

=’ =63t+27
|
= r=(63t+27)

I
3t+27)3
Thus, the radius of the balloon after t seconds is(6 b+2 ) .

Question 20:
In a bank, principal increases continuously at the rate of r% per year. Find the value of r
if Rs 100 doubles itself in 10 years (loge 2 = 0.6931).

Answer
Let p, t, and r represent the principal, time, and rate of interest respectively.

It is given that the principal increases continuously at the rate of r% per year.

ar
= dr_[lO()Jp

:dl=[L)dz
P 100

Integrating both sides, we get:

@ - L j(”

p 100

rt
=log p=—+k
=P =100
rt ok

=-p=e!® (1)
It is given that when t = 0, p = 100.
= 100 = ek ... (2)
Now, if t = 10, then p = 2 x 100 = 200.

Therefore, equation (1) becomes:
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-
200 =¢"
’

=200=¢"-¢

=200 =¢'"-100 (From (

(9

)

= el =2

5
= —=log 2
T

= —0.6931
10

= r=0.931
Hence, the value of r is 6.93%.

Question 21:

In a bank, principal increases continuously at the rate of 5% per year. An amount of Rs

17 =1.648
1000 is deposited with this bank, how much will it worth after 10 years (( )

Answer
Let p and t be the principal and time respectively.

It is given that the principal increases continuously at the rate of 5% per year.

dp ( 5 ]
= ==|—|p
de 1100

2. P.
dr 20
dp dt
= —=—
p 20
Integrating both sides, we get:
Id—p = o dt
p 20

! 3
=logp=—+C
= 20

bzt
+

= p=e® (1)
Now, when t = 0, p = 1000.
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= 1000 = e° ... (2)
At t = 10, equation (1) becomes:

I'(.
p=e’

= p=e"xe"

= p=1.648x1000

= p=1648

Hence, after 10 years the amount will worth Rs 1648.

Question 22:

In a culture, the bacteria count is 1,00,000. The number is increased by 10% in 2 hours.
In how many hours will the count reach 2,00,000, if the rate of growth of bacteria is
proportional to the nhumber present?

Answer

Let y be the number of bacteria at any instant t.
It is given that the rate of growth of the bacteria is proportional to the number present.

dy
==y
dr
ly ;
== ‘—1:- =ky (where £ is a constant)
Fe
= Lo = kdt

.‘y

Integrating both sides, we get:

dy

— =k |dt

L]
=logy=hkt+C (1)
Let yo be the number of bacteria at t = 0.
> logyo=C
Substituting the value of C in equation (1), we get:
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XII
log v =kt +log y,
= logy-logy, =kt
= log[LJ =kt
Yo
:>k1=|0g[i] -(2)
."(‘

Also, it is given that the number of bacteria increases by 10% in 2 hours.

110
Y ===
100
v 11
¥, 10
Substituting this value in equation (2), we get:

11
e e
05[10]

1 11
= k=—log| —
2(g[l()]

Therefore, equation (2) becomes:

__;;Jiﬂsj. (4)

Now, let the time when the number of bacteria increases from 100000 to 200000 be t;.

$y=ZYOBtt=t1
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From equation (4), we get:

v
2log| —
g(y‘, J 2 2log?2

f‘ = =
Iog(“) lo [”)
o) “=lio
2log?2
Hence, in lo ( 1 I ] hours the number of bacteria increases from 100000 to
10 200000.
Question 23:
d“ Xty
=e'is

The general solution of the differential equation dx
A € +e’=C

B, € +e'=C

c. e +e=C

D. € +e’=C

Answer

e’ dv=e"dx
Integrating both sides, we get:
Ie‘ ‘dy = jc‘c/x
= -e'=e +k
=e'+e” ==k
=e' +e ' =¢ (C=—k)

Hence, the correct answer is A.
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