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(Chapter 9)(Differential Equations)

XII
Miscellaneous Exercise 9

Question 1:
For each of the differential equations given below, indicate its order and degree (if
defined).

(i) d—‘+5\[£} —6y =logx
dx” dx

2.\ 1\
(ii) (ﬂj —4[QJ +7y=sinx

dx dx

dl“‘—sin d*y -0
(iif) dv? dx’

Answer

(i) The differential equation is given as:

Q+5.\'[£Q] ~6y =logx
dx

dx”
1y Y
= u +5x[2] —6y—logx=0
dx” dx
The highest order derivative present in the differential equation is dx’ . Thus, its order

Vd".l;‘
is two. The highest power raised to dx’ is one. Hence, its degree is one.
(ii) The differential equation is given as:

(ﬂ) —4[Q—J +7y=sinx
dx dx z

z(il‘—J —4[(!—‘] +7y—sinx=0
dx dx ’

dy

The highest order derivative present in the differential equation is dx Thus, its order is
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d) ;

one. The highest power raised to dx is three. Hence, its degree is three.

(iii) The differential equation is given as:
'y . (dy

< : —sin ‘—lx =0

dx dx

The highest order derivative present in the differential equation is dx* . Thus, its order

d'y
is four.

However, the given differential equation is not a polynomial equation. Hence, its degree
is not defined.

Question 2:
For each of the exercises given below, verify that the given function (implicit or explicit)
is a solution of the corresponding differential equation.

. . . ; dy dy ;
(M y=ae +be™" +x° g XSt 2= xy+ X" =2=0
dx’ dx
- . . dy . dy
(ii) y=e¢"(acosx+hsinx) —=—-2—=42y=0
dx dx
- d'y .
(iii) y=xsin3x : - +9y—6c¢c0os3x=0
dx”
. ) s s aydy
(iv) x =2y logy : (\ +)y ) —=—xy=0
dx
Answer

T | -x 2
(iy Y=ae +be™" +x

Differentiating both sides with respect to x, we get:
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i Him 20 g d [ 5
D ot pb () ()

dy .
= —=qe¢' —be" +2x

dx
Again, differentiating both sides with respect to x, we get:
Iy
9 —ae* +be™ +2
dx”
- dy d'y. . . .
Now, on substituting the values of I and -—7,—'3—|n the differential equation, we get:
. dx
L..H.S.
4 t +2i—.\')'+ x =2
dx” dx

= .\'(ae' +be™" + 2) 4 2((16"‘ —be™" + 2.1') —.\'(ae‘ +be™ +x° )+ x*—2
= (u.x‘e" +bye "+ 2.\‘) +( 2ae" —2be " + 4.\') - (u.\'e" +hye T4+ x° ) %2

=2ae" —2be "+ x> +6x-2
z ()

= L.H.S. # R.H.S.
Hence, the given function is not a solution of the corresponding differential equation.

. y=e"(acosx+bsinx)=ae" cosx+be sinx
(i) -
Differentiating both sides with respect to x, we get:

v i g : R
i'—-=u- (e' cos.\')+b--‘—(c sm.\')
dx dx dx

Uf\'_ 5 M x . i . 5 X _
:‘>T—u(e Cosx—e sm.\}+b-(c sinx+e cos.\)
ax :

5 (a+b)e’ cosx+(b—a)e' sinx
dx

Again, differentiating both sides with respect to x, we get:
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d*y d d

C'T':=(a+b)va(e" cos.\')“*(h‘“)a(evsmx)

-

d’y 3 oo ; .
:>7,—2=(a+b)-[e‘ cos.\'—e‘smx]+(b—a)[e"sm x+e cosx]
ax-

= dl.‘ =e'[(a+b)(cosx—sinx)+(b—a)(sinx+cosx) ]
dx”

=N %—‘ =g [acos.\‘ —asinx+bcosx—bsinx+bsinx+bcosx—asinx —acos.\']
dx

) = I:Ze' (bcosx—asin r)]

d’y dy

dx’ and d in the L.H.S. of the given differential
Now, on substituting the values of
equation, we get:

d’y .dy
—+4+2—=—+42y
dx” dx

2¢" (beosx—asinx)~2e"[(a+b)cosx+(b—a)sinx |+ 2e" (acosx+bsinx)
| (

2bcosx - 2asinx)—(2acosx +2bcosx)
=e
~(2bsinx-2asinx)+(2acosx+ 2bsinx)

=e' [(21) -2a-2b+ 2a)cos.\'] +e' [(—Za— 2b+2a+ 2b)sinx:|

=0
Hence, the given function is a solution of the corresponding differential equation.
(iii) V= xsin3x

Differentiating both sides with respect to x, we get:

dv d

— =—(xsin3x) =sin3x+x-cos3x-3
dx  dx

dv .
= — =sin3x+3xcos3x
dx

Again, differentiating both sides with respect to x, we get:
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dy d,. . . d u
= =—(sin3x)+3—(xcos3x)
dx  dx dx
1y ;
=2 =3cos3x+3[ cos3x+x(—sin3x)-3]
dx”
: =6¢0s3x—9xsin3x
dx”
. Iy
Substituting the value of - = in the L.H.S. of the given differential
dx equation, we get:
d ‘ +9y—6¢os3x
dx”
=(6-cos3x—9xsin3x)+9xsin3x—6cos 3x
=0

Hence, the given function is a solution of the corresponding differential equation.
. 2 =27 )
(v) ¥ =2 log y

Differentiating both sides with respect to x, we get:

2x=2. % = [_\"" Iogy]

dv - 1 dy
—-_— X = 2}.‘-[0g_v..-‘-+".-' ¥ S ¢
dx vy dx
dy
= x=—(2ylogy+y)
dx
dy X
dx  y(l+2logy)
dy
Substituting the value of d—\ in the L.H.S. of the given differential equation,

we get:
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v (1+2logy)-

=Xy =Xy
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Hence, the given
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(2.‘,3 log y + ,l': ) e xy

y(1+2log y)
x

— Xy
y(l+2logy) -

function is a solution of the corresponding differential equation.

tial equation representing the family of curves given by

(x —a): +2y° =a’

where a is an arbitrary constant.

Answer

(.\'—a)2 +2y' =a’

= x> +a’ -2ax+

=2y’ =2ax-x’

2y°=a"

(1)

Differentiating with respect to x, we get:

dy 2a-2x
2 Y —=
" odx 2
dv a-x
dc 2y

dv 2ax-2x’

dx 4.\’}‘
From equation (1

2ax=2y* +x°

), we get:

On substituting this value in equation (3), we get:
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> b i
dy 2y +x -=2x

dx 4xy
dy _2y’-x
dx 4xy

dy 2y'-x°

Hence, the differential equation of the family of curves is given as dv 4y

Question 4:

4

Prove that X’ —y*= c(x: +‘,-3)' is the general solution of differential

equation, (x} -3x)° ]d.\' = (_;-7’ _3,\3".-)‘-1}- where c is a parameter.
Answer

(x*=3x° )dx = (»'- 3x7y ) dy

dy  x' -3xy°
e =}
dx y =3x7)

This is a homogeneous equation. To simplify it, we need to make the substitution as:

y=wx
d d

= —(y)=—(wx
dx ) d.\'( )
dy av

=~ =pix—
dx dx
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dv

Substituting the values of y and T
dx

dv X A—3x_(7\"x )

Vob X — = ——s -
dx  (wx) =3x7 (wx)
dv  1-3°
DV X— = —
dx v’ =3y
dv  1-3°
= X—=- -V

dv v =3y

dv 1-3 —v(\": —31‘)
= X—= -
dx v =3y

4
dv_ 1-v

¥ 3
dc v —3v

-y X

Integrating both sides, we get:
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v =3y .
[ & |dv=logx+logC -(2)
e
{3 s 3
v —3 vidv vdy
Now, JL = )d\ =Il—v‘ —3.[1_‘.4
3 i
v =3v vdy vdy
:j[ — }iv:[, ~31,. where /, =Il-\~* and 13:11—‘-*
Let1-v'=1t.
. d a\_ @t
..E(l-\ ) —
= -4y =£
dv
:>\'zd\=—£
4
Now, /, = _—dt=—llogr=——log(l—v4)
4¢ 4
veh vy
And’l3=.[1_‘,‘ =I 2\?
1-(v)
Letv' = p.
d .\ _dp
‘d\'( )_d\'
:>2\'=d£
dv
Dl‘(/l=i
2
=>L—l dp‘_ 1 l,I p|=llo l+\"
*T2d1-pf T 2x2 C|1-p| 4 |14

Substituting the values of I; and I, in equation (3), we get:

v =3v 1 3
J.( ‘4 Jdvz—zlog(l-v*)——zlog

-1

Therefore, equation (2) becomes:
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=logx+log ('

| 1497 \
= ——log| (1-v* —| |=logC'x
4 ~|>( ){]—l" ) ] §

I+1‘1)J e
= - =(Cx)
1—v*
7 253
Ll+‘ ‘
\', |
S
=
% (x“+_v') _ 1

e 2\2 wd 4

.\"(,\" —_\") Cx
T Lo
=(x*-y*) =C*(x¥* +)?)

=5 (.\"’ -y ) ok (.\': +y° )
=>xl-y' = C(.\"‘ +y ): . where C =C"”

Hence, the given result is proved.

Question 5:

Form the differential equation of the family of circles in the first quadrant which touch the
coordinate axes.

Answer

The equation of a circle in the first quadrant with centre (a, a) and radius (a) which

touches the coordinate axes is:

(x—a) +(y—a) =d* (1)
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Sl a)

“y

Differentiating equation (1) with respect to x, we get:

2(.\'—a)+2(_1-'—a)£h—'=0
dx

=>(x-a)+(y-a)y'=0

> x—a+w-ay'=0

=x+y'-a(l+y')=0
_x+p

= a= ry
1+

Substituting the value of a in equation (1), we get:

x+ x4+ x+»
x— || +| y- == =
{ [1+y ]:| [ [I+y ]] (l+}' ]
(x=»)y o x+ '
= i+ =
(1+") 1+ 1+

= (x=p) 4 (x=y) = (x4 )

-

= (-3 [] +(») ] =(x+»')

Hence, the required differential equation of the family of circles is

(*= ») [] +(-""')Z] =(x+p').

> T <
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Question 6:

ﬂ«l— =) =0

Find the general solution of the differential equation de N1-x

Answer

Integrating both sides, we get:
sin” y=—sin”"' x+C

= sin"'x+sin” y=C

Question 7:
_..'_:‘ + ."_.:_.._: ——— ()
Show that the general solution of the differential equation de x"+x+1 is given by
(x+y+1)=A(1-x-y-2xy), where A is parameter
Answer
By vV +y+l
o TN g

dc x> +x+1

dy (_\.9 + _v+|)

dx X +x+l
dy —dx
yl +y+1 B X +x+]
dy dx

4 = + 2 o
y +y+l x +x+1

Integrating both sides, we get:
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_[ dv +I dx C

Vayrl Ixex+l
:)J‘ d1 :+I flx 7=C
(4] +[‘/§) (H'){ﬁ]
-2 2 2 2
[ 1
2 23] 2. ¥

= —=lan

BB

=5 tan~ 2y+ l:|+tan" |:2x+l}= V3c
+

+

= tan”' 3 V3 =\/§C
_Qy+1) (2Zx+1) |72
RA] 3
[ 2x+2y+2

= tan ' V3 = e

X
3

23 (x+y+1)

= tan ]

_f3c

2

G(x+y+1) ]: J3c

2(1-x-y-2xy) 2

\/§(x+y+l) =tan[‘/§C

2(1-x—y-2xy)

3-dxy-2x-2y-1

= tan

]= B. where B = tan[

X

"
=x+y+l="z(l-xy-2w)

2
o=

= x+y+1=A(1-x—y-2xy), where 4 ="

Hence, the given result is proved.
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Question 8:

T
0z)
Find the equation of the curve passing through the point ( 4 whose differential

equation is, sin x cos ydx +cos xsin ydy =0
Answer
The differential equation of the given curve is:

$in x ¢os ydx + cos xsin ydy =0

sin x cos ydx + cos x sin ydy ~0
COS X COS ¥

= tan xdx + tan ydy =0

Integrating both sides, we get:

log(secx)+log(secy)=logC

log(secx-secy)=logC

=secx-secy=C (1)

n\
The curve passes through point (OZJ

~x2=C
= C=42

Cc=+2

On substituting

secx-secy = 2

]
= secx-——=12
cos y

SeCx
7

Hence, the required equation of the curve is COSV=

=>cosy=

secx
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Question 9:
Find the particular solution of the differential equation

(1+¢™ )dy+(1+ " )edx =0, given thaty = 1 when x = 0

Answer

(I +e* )afv-i—(l +y° )e"dx =0
dy e'dx

= —+ =0

2 )
I+y l+e™

Integrating both sides, we get:

; e'dx .
tan” y+ [— —=C s(1)
|+e
Lete =t=>e™* =1°.
d pooy idt
= —(e')=—
dx dx
. dt
=>e ' =—
dx
=e'de=dt

Substituting these values in equation (1), we get:
dt
S

I+t
=tan ' y+tan ' t=C

tan”' _1'+I

= tan”'y+tan"' (') =C %l

(3]
—

Now, y =1 atx = 0.

Therefore, equation (2) becomes:

tan'1+tan"'1=C

:E+E=C
4 4
=C=2
2

Substituting  C=_ equation (2), we get:

(SHE I SR ]

tan"_\*+tan"(c)"):
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This is the required particular solution of the given differential equation.

Question 10: ¥ x
Solve the differential equation  ye'dx = {xe"' +y° Jd.\’(}' #0)
Answer

N x
ye'dx= [.\'e Yy Jd}‘

Y li"‘dx_-":|
il @ Lo (1)

Lete’ =z.
Differentiating it with respect to y, we get:

o dz
—| e —_——
il 4

S d [\) dz
e =—

E y) dy
dx
i e |
Lo | | 2)
Vo dy :

From equation (1) and equation (2), we get:
dz
E -
= dz=dy

Integrating both sides, we get:

1
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(8]
]
T
(@]

=>e'=y+C

Question 11:
Find a particular solution of the differential equation

(x—y)(dx+dy)=dx—dy

given thaty = - 1, when x = 0 (Hint: putx -y =t)

Answer
(x—y)(dx+dy)=dx—dy
= (x=y+1)dv=(1-x+y)dx
dy _l-x+y
dx x—y+1
y  I=(x—y
:'%z—ufx—}; (1)

Letx—y=L

d dt
= —(x-y)=—
dx dx

el
dy  dx

dt dy

j-—=2

dx dx
dy

Substituting the values of x — y and dx in equation (1), we get:
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|t _1=t

dy 1+t

dr [l—l]
=>—=1-—

dx 1+1¢
___)i=(l+t)—(l—r)

dx 1+t

ai_u

de 141
:('i]dmzdr

!
:>[l+1Jdr=2dx «il2)
t

Integrating both sides, we get:
t+log|t|=2x+C
= (x-y)+log|x—y[=2x+C
= logx—y|=x+y+C (3)

Now, y = -1 atx = 0.

Therefore, equation (3) becomes: log1 =0-1+C
>C=1

Substituting C = 1 in equation (3) we get:

log|x —y| =x+y+l1

This is the required particular solution of the given differential equation.

(&
Solve the differential equation = o I(x#0)

Question 12: N y | )
dy

Answer

¢ |
Vr o Vx |dy

Lh_,—e—.’\‘i _L
dx \/: \/:
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This equation is a linear differential equation of the form

dy ] i
— 4+ Py=0,where P=— and QO =—~.
e e A

dx

|
|
Jx 2Jx

3 Py
Now, l.l'=ej =¢ =e

The general solution of the given differential equation is given by,

y(LE.)= I(Qx L.F.)dx+C

2 Jx L’A:\‘ ‘ s v <
= ye = j.[ = xe™" Jd\'+ C
X

o
pPATE S

= ye " = le——d.HC
X

=y =2x +C

Question 13:
Find a particular solution of the differential equation

dv
~~ 4+ ycotx =4xcosec x(x #0)
(/.\' r
=
given that y = 0 when

(SRR

Answer

The given differential equation is:

dy
—= 4 ycot x = 4xcosec x
dx

This equation is a linear differential equation of the form

dy

—+ py = 0. where p=colx and O =4x cosec x.

dx

ol foglsin x
—p 2

Now, LF =)™ =/
The general solution of the given differential equation is given by,

=sinx
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y(LE)= [(QxLF.)dx+C
= ysinx = I( 4x cosec x-sinx)dx+C

= ysinx=4 dex +C

Ll

. X v
:>ysmx=4-7+(.

e

= ysinx=2x>+C (1)
T
y=0atx=—.
’ 2
Now,

Therefore, equation (1) becomes:

-

0=2x2_+C
4
:>C=—£
2

"

Substituting C=- 1{2_

(&

=

ysinx=2x" -

I\J!

This is the required particular solution of the given differential equation.

Question 14:
Find a particular solution of the differential equation
dy

(.\'+l — =2 -1
dx

given thaty = 0 whenx =0

Answer
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(x+ l)d—‘ =2 -1
dx
dv  dx
2¢' -1 x+1
e'dv  dx
— -=—
2-e" x+1
Integrating both sides, we get:
e'dy
J.Z—e‘ =log|x+1|+logC (1)
Let2—-¢" =t.
1
s (—(Z-e-")= s
dy d)
. dt
=>-e'=—
dy

= e'dt =—dt

Substituting this value in equation (1), we get:
Ilﬁ =log|x+1/+log C
1
= —loglt| = log |C(x +1)|

= —log’.‘z —e-"’ = logi(.‘(x +l)|

1 .
:>2—e-' =C(x+1)
s pr 1 (2)
C(,\‘+l)
Now, at x = 0 and y = 0, equation (2) becomes:
1
32—]‘—'—:
=C=1

Substituting C = 1 in equation (2), we get:
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2-¢' =——
x+1
, |
=e =2——
x+1
;o 2x+2-1
=g = —
x+1
., 2x+1
=e =
x+1
9 IO
2x+1
= v=log s (x2-1)
x+1

This is the required particular solution of the given differential equation.

Question 15:

The population of a village increases continuously at the rate proportional to the number
of its inhabitants present at any time. If the population of the village was 20000 in 1999
and 25000 in the year 2004, what will be the population of the village in 20097

Answer

Let the population at any instant (t) be y.

It is given that the rate of increase of population is proportional to the number of

inhabitants at any instant.

dy
o
dr -
dy . :
=—=fy (k is a constant )
dt :
= ﬂ = kdlt

Integrating both sides, we get:

logy =kt + C.. (1)

In the year 1999, t = 0 and y = 20000.
Therefore, we get:

log 20000 = C ... (2)

In the year 2004, t = 5 and y = 25000.

Therefore, we get:
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XII
log 25000 = k -5+ C
= log 25000 = 5k + log 20000
2
N |og[—*5°°°] - log(i]
20000 4
1 (s
= k=—log| — (3
: og( 4) (3)

In the year 2009, t = 10 years.

Now, on substituting the values of t, k, and C in equation (1), we get:

log y=10x % Iog(%)-# log(20000)

=logy= Iog[20000x (%J :|

= OO
4" 4

= y=131250

Hence, the population of the village in 2009 will be 31250.

Question 16:
The general solution of the differential equation

A. xy =C
B. x = Cy?
C.y=Cx
D.y = Cx?

vy —xdy
y

0 is

Answer
The given differential equation is:

vdx — xdy -0
-\'
ydx — xdy -0
Xy
= -I—d.\'—ld\': 0
- v

Integrating both sides, we get:
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log|x| - log|y| = log k

= log|—|=logk
=D>—=k
y
1
=S y=—x
k

= y=Cx where C = }1—

Hence, the correct answer is C.

Question 17:
o +Px=Q,

The general solution of a differential equation of the type dy is
A _V("[p'm L J.((‘)'(Jv,m- }1‘ +C
B. _v'eJ‘wh &= J.(Ql("[l"m }/.\‘+C
C. .\‘eIM = J(Q,efm }lv-t-(?
D. .\‘ej’"'h = J.(Qlep"'h }I\‘+C
Answer

v +Px=Q, is e'[["d‘".

The integrating factor of the given differential equation ¢V

The general solution of the differential equation is given by,

x(LF.) = [(Qx1F.)dv+C
— x‘eIM = J.[Q,e-(”dy }{v+(‘

Hence, the correct answer is C.
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Question 18:

2dy +( ve' +2x)dx =0
The general solution of the differential equation e ( : )‘ is

A. xe¥ + x2=C

B. xe¥ +y2=C

C.yex+x2=C

D.ye"+ x?>=C

Answer

The given differential equation is:

e'dy+ (}'e"' + 2.\')d.\' =0

f ’
e, ye'+2x=0
dx
v .
=2 y=-2xe
dx
This is a linear differential equation of the form
! )
(1" +Py=0.where P=1and Q =-2xe™".
dx

[ P fix :
Now, LF=e'™ =¢™ =¢

The general solution of the given differential equation is given by,
»(LF)= [(Qx1LF.)ds+C

=>ye' = I( —2xe™" -e" )c/.\'+('

= ye' =— I'.’.\' dx+C

= ye' =—x"+C

= ye'+x'=C

Hence, the correct answer is C.
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